
, , 1–38 ()
c© Kluwer Academic Publishers, Boston. Manufactured in The Netherlands.

An Unboxed Operational Semantics for ML

Polymorphism*

ATSUSHI OHORI** ohori@kurims.kyoto-u.ac.jp

TOMONOBU TAKAMIZAWA†
Research Institute for Mathematical Sciences, Kyoto University, Sakyo-ku, Kyoto 606 Japan

Keywords: Operational Semantics, Polymorphism, Type Inference, Unboxed Objects, ML

Abstract. We present an unboxed operational semantics for an ML-style polymorphic language.

Different from the conventional formalisms, the proposed semantics accounts for actual represen-

tations of run-time objects of various types, and supports a refined notion of polymorphism that

allows polymorphic functions to be applied directly to values of various different representations.

In particular, polymorphic functions can receive multi-word constants such as floating-point num-

bers without requiring them to be “boxed” (i.e. heap allocated.) This semantics will serve as an

alternative basis for implementing polymorphic languages. The development of the semantics is

based on the technique of the type-inference-based compilation for polymorphic record operations

[20]. We first develop a lower-level calculus, called a polymorphic unboxed calculus, that accounts

for direct manipulation of unboxed values in a polymorphic language. This unboxed calculus sup-

ports efficient value binding through integer representation of variables. Different from de Bruijn

indexes, our integer representation of a variable corresponds to the actual offset to the value in a

run-time environment consisting of objects of various sizes. Polymorphism is supported through

an abstraction mechanism over argument sizes. We then develop an algorithm that translates ML

into the polymorphic unboxed calculus by using type information obtained through type infer-

ence. At the time of polymorphic let binding, the necessary size abstractions are inserted so that

a polymorphic function is translated into a function that is polymorphic not only in the type of

the argument but also in its size. The ML type system is shown to be sound with respect to the

operational semantics realized by the translation.

1. Introduction

A commonly accepted view of parametric polymorphism underlying polymorphic
programming languages is that a polymorphic function has the same behavior for

* This is the authors’ version of the article published in Journal of Lisp and Symbolic Compu-

tation, 10(1): 61-91, 1997.
** Partly supported by the Japanese Ministry of Education Grant-in-Aid for Scientific Research

on Priority Area 275.
† Current address: Public Solution Center, IBM Japan, Nihonbashi Hakozakicho, Chuo-ku,

Tokyo 103 JAPAN. Email: e27362@yamato.ibm.co.jp



2 A. OHORI AND T. TAKAMIZAWA

all possible instance types, and can therefore be implemented by the same code.
This form of polymorphism is based on the generic nature of the value binding
mechanism modeled by lambda abstraction. In this model, a variable can be bound
to values of various types and those values can be freely substituted for the vari-
able. A computational model of this binding mechanism is de Bruijn indexes [4],
which has been the basis for various abstract machines for implementing ML-style
polymorphic languages. In the perspective of implementation, de Bruijn indexes
correspond to indexes into an array representing a run-time environment. An im-
portant implicit assumption underlying this binding mechanism is that all run-time
data elements have the same size and therefore a run-time environment can be rep-
resented as a directly indexable array. In an actual computer system, however,
run-time objects have various different sizes depending on their types, and do not
conform to this model. To overcome this mismatch, in most implementations of
polymorphic languages [2, 1, 11], a run-time object is represented as a boxed object,
i.e. as a pointer to a value allocated in a heap. By this correspondence, in this
paper, we call an operational semantics based on this uniform binding mechanism
a boxed semantics.

Heap allocation is of course necessary for certain objects such as function closures
and dynamically allocated lists. However, indiscriminately boxing all run-time ob-
jects significantly impairs the efficiency of the compiled code. To compile a program
into efficient code for ordinary architecture, it is essential to assign a natural and
efficient representation to each type and to use the operations specialized to the rep-
resentation. This is a standard practice that is routinely carried out by any serious
optimizing compiler of a conventional statically typed monomorphic language. It
would be unfortunate if we are forced to abandon this fairly obvious and apparently
effective representation optimization when we switch to a more advanced language
with a polymorphic type system.

This problem has recently attracted attention of several researchers, and sev-
eral methods have been proposed for run-time efficiency of polymorphic languages.
Morrison et. al. [17] have described several optimization techniques for run-time
specialization of functions using type information at run-time. Peyton Jones and
Launchbury [22] have proposed a calculus where boxed and unboxed objects are
explicitly manipulated and polymorphism is restricted to boxed objects. They have
proposed several optimization strategies by source-to-source program translation.
Leroy [14] proposed a systematic method to transform ML into a calculus similar
to that of Peyton Jones and Launchbury. His strategy is to keep objects unboxed
as long as its type is statically determined. To combine this strategy with polymor-
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phic functions, his algorithm inserts representation conversion functions before and
after each invocation of a polymorphic function. Leroy’s method is further refined
in [10, 24].

These methods of “mixed representations” try to minimize boxed representation
overhead by localizing them to polymorphic functions. This approach should be
effective for those applications whose cost is largely determined by monomorphic
manipulation of multi-word data such as arithmetic computation loops. One appar-
ent limitation of this approach is that it does not eliminate the mismatch between
the boxed representation required by polymorphic functions and various unboxed
data; polymorphic functions still require their arguments to be boxed. Due to this
limitation, this approach would not speedup those applications that use polymor-
phic functions in manipulating multi-word data, or in some cases it would even
decrease the efficiency of programs due to boxing/unboxing coercion overhead gen-
erated by the compiler. As Leroy pointed out, another weakness of this approach
is that it does not work well for recursively defined data types such as lists or trees,
since these data structures require boxing/unboxing coercions to be lifted to the
structures by recursively applying the necessary coercions.

A potentially promising alternative to the mixed representation optimization is
to develop a compilation method that allows polymorphic functions to manipulate
unboxed objects of various sizes. Such a method would produces efficient code not
only for monomorphic parts of a program but also for those that make heavy use
of polymorphic functions with multi-word data and recursively defined data struc-
tures. To develop such a compilation method, we must first develop an operational
semantics for a higher-order polymorphic functional language that accounts for di-
rect manipulation of run-time objects of various sizes. Existing formalisms such as
natural semantics [12] and various abstract machines including [2, 15] are all based
on a boxed semantics mentioned above. To our knowledge, there is no formalism
that allows polymorphic functions to manipulate a run-time environment consist-
ing of unboxed values. The goal of this paper is to develop one such formalism
of an unboxed operational semantics. Just as boxed semantics has been used as a
high level description of conventional boxed implementation of a polymorphic lan-
guage, we believe that our unboxed semantics will serve as a high level description
of unboxed implementation of a polymorphic language.

In this paper, we focus on multi-word constants such as floating point num-
bers and do not attempt to unbox structured data constructors such as records.
The rationale of this restriction is to support recursively defined data. Structured
data constructors are often used in recursively defined data (for example, through
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datatype construct in Standard ML) for representing dynamic data structures such
as lists or trees. These dynamic data structure require the data constructors to be
boxed. Our approach allows unboxed multi-world constants to be combined with
recursively defined data without any additional machinery. For example, in our
formalism, a list of floating point numbers is represented as a list of unboxed values
and can be processed by various polymorphic combinators such as map and fold.
We shall comment on the issue of unboxed structured data in Subsection 5.3.

We believe that the formalism of unboxed operational semantics we shall present
in this paper can be used to implement a practical compiler for ML-style polymor-
phic programming languages. In actual implementation, it is of course necessary to
consider various low-level structures of the target computer hardware. For example,
most of current computer architectures provide “registers” for fast manipulation of
several run-time objects including floating-point data, and proper usage of them is
crucial in producing efficient code. Development of various optimization techniques
for those low-level features is beyond the scope of the present article. However,
since techniques for better usage of those features such as floating point registers
naturally require run-time objects to be unboxed, we believe that our unboxed se-
mantics also contributes to the development of better optimization techniques in
compiling polymorphic languages.

In the rest of this section, we shall explain the problems and outline the solutions
presented in this article. Our strategy of developing an unboxed operational seman-
tics of ML is to follow the compilation method for record polymorphism presented
in [20, 19]. We define a lower-level calculus, called a polymorphic unboxed calculus,
that can manipulate unboxed values directly, and develop a type-inference-based
translation algorithm of ML into this calculus. The combination of the transla-
tion algorithm and the operational semantics of the unboxed calculus achieves the
desired unboxed semantics of ML.

There are two major technical challenges in developing the polymorphic unboxed
calculus. The first is the development of a mechanism for representing variables that
achieves fast access in an environment consisting of unboxed objects. Since sizes
of unboxed objects differ, we cannot use de Bruijn indexes, but instead, we must
develop a representation of a variable that indicates the actual position of the value
in a run-time environment. This is a subtle problem especially for a polymorphic
language. To see some of the difficulties, suppose λx.M is a polymorphic function
of type ∀t.t → σ. Since the offsets of variables defined in M depend on the size of
x which varies according to the type of the actual argument, it is not possible to
determine their offsets statically. We solve the problem by introducing two forms of
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integer representations of variables: direct indexes of the form dacc(n) and indirect
indexes of the form iacc(n). Suppose a variable x is bound by the kth nested
lambda abstraction (counting from outer to inner.) If all the sizes of the values of
the surrounding lambda variables are statically determined, then x is translated to
dacc(n) where n is the total sizes of the values of the surrounding lambda variables.
Otherwise, x is translated to iacc(k), where k is used as the index to the offset
table whose ith element is the actual offset of the ith lambda variable. In most
cases including all monomorphic parts of the program, variables are translated into
direct indexes. As a simple example, the function λf.λx.f (f x) is represented as
λ.λ.dacc(0) (dacc(0) dacc(1)) under this scheme, assuming that a function closure
(denoted by f) is a pointer of size 1.

The second challenge is the development of a mechanism for evaluating size depen-
dent polymorphic operations. Since unboxed objects have different sizes, lambda
abstraction and other primitive operations should be specialized to the sizes of the
arguments. For this purpose, we refine de Bruijn style (name free) lambda ab-
straction λ.M to λk.M for each size k of the argument. To support polymorphic
functions, we adopt the mechanism developed in [20] for compiling a polymorphic
record calculus, and transform a size dependent function into a higher-order func-
tion that takes a size as a parameter. The general idea of passing size as a parameter
and specializing a polymorphic function was described by Morrison et. al. [17]. The
technical contribution of the present paper is to provide a formal basis for the ap-
proaches based on this general idea. In addition to λk.M , we allow abstraction of
the form λα.M where α is (an integer representation of) a variable. This function
first fetches the size, say k, of the argument through the variable α and then be-
haves like λk.M . By abstracting the variable α, we can define a function that is
polymorphic not only in the type of its argument but also in its size. As an example,
the polymorphic identity function λx.x is represented in the unboxed calculus as
λ1λdacc(0).dacc(1), where the first λ1 receives a one-word datum indicating the size
of x and the second λdacc(0) uses this datum through the variable dacc(0) bound
by the first λ1 and receives the value of x. Primitive operations such as projections
are also refined in this way.

We define a polymorphic unboxed calculus incorporating these two ideas, give
its operational semantics and prove the soundness of the type system. The type
soundness guarantees both type consistency and size consistency of primitive op-
erations used in any type-checked programs. The operational semantics is given in
the style of natural semantics [12]. Different from the usual natural semantics, our
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natural semantics properly accounts for direct manipulation of unbox objects, and
can serve as a basis for unboxed implementation.

We then define an algorithm to translate ML into this calculus. The algorithm
first performs type inference for a given raw ML term and produces an explicitly
typed term. This process is analogous to the translation of Core ML into an ex-
plicitly typed second-order calculus, Core XML [7]. However, since translation of
ML typings to Core XML terms is not coherent as shown in [18], Core XML is not
entirely appropriate as an intermediate language for compilation. Our translation
properly deals with this problem. In addition, the inference process determines for
each type variable whether its size information is needed or not. The algorithm
then converts the explicitly typed term into a term of the unboxed calculus by
inserting appropriate size abstraction when a variable is bound to a polymorphic
function through let, and size application when a let bound variable is instantiated.

Let us illustrate the flavor of the translation by simple examples. First, consider
the monomorphic function

λf.λx.f(x + 3.14) : (real → real) → real → real

where + is the floating point addition. Under the assumption that the size of a
function closure is 1 and the size of a floating point number (of type real) is 2, this
function is translated into the following term in the polymorphic unboxed calculus

λ1.λ2.dacc(0)(dacc(1) + 3.14) : (real → real) → real → real

where dacc(0) and dacc(1) indicate that the values bound to f and x are found at
the offsets 0 and 1 in the run-time environment, respectively. Next, the polymorphic
function

λf.λx.f x : ∀t.(t → t) → t → t

is translated into the following term.

λ1λ1λdacc(0)(dacc(1) dacc(2)) : ∀s.size(s) → (s → s) → s → s

Since the size of f is statically known, both f and x are translated into direct
indexes. However, if we reverse the order of abstractions as in λx.λf.f x, then x is
translated into a direct index but f needs to be translated into an indirect index.

The rest of the paper is organized as follows. Section 2 defines Core ML. Section 3
defines the polymorphic unboxed calculus, gives its unboxed operational semantics,
and proves the type soundness of the calculus, which establishes that a type-checked
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program does not cause type and size error. Section 4 gives a translation algorithm
from Core ML into the unboxed calculus, and shows that it preserves typings.
Section 5 describes several further refinements. Section 6 compares this work with
related works.

2. The Core ML

The source language we consider is the polymorphic core of ML. Following the anal-
ysis of Damas and Milner [3], we present the language as a functional calculus with
a predicative polymorphic type system. The set of types is divided into monotypes
(ranged over by τ) and polytypes (ranged over by σ) given below:

τ ::= bk | t | τ → τ | τ ∗ τ

σ ::= τ | ∀t. σ

where bk stands for base types for atomic constants of size k, t for type variables
and τ ∗ τ for product types.

In the standard analysis of programming languages based on lambda calculus, the
unit of evaluation or a “program” is identified with a closed term. In the semantic
framework we shall develop in this paper, however, the behavior of a term depends
crucially on its typing as well as its untyped term structure. We therefore need to
consider a program as a closed term having a closed typing, i.e. the one that does
not contain free type variables. Only those terms have meaning independent of
the context and can therefore be compiled separately. To emphasize this property
and to make our presentation more readable, we introduce the syntactic classes of
declarations in addition to the usual definition of terms. Declaration correspond
to compilation units in an actual ML implementation such as [1]. This restriction,
however, conflicts with the Standard ML module system [16], which allows signa-
tures to contain free type variables. To combine the approach presented here with
Standard ML modules, we need to refine signatures so that they also contain size
information of type variables. A detailed analysis of this issue is outside the scope
of this paper.

The set of terms (ranged over by e) and the set of declarations (ranged over by
d) of Core ML are given by the syntax:

e ::= x | cbk | λx. e | e e | Pair(e, e) | Π1 e | Π2 e | let x = e in e

d ::= ∅ | d; val x = e
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x is a variable of the calculus, cbk

is a constant of base type bk, Π1 is the first
projection, Π2 is the second projection, and let x = e1 in e2 is ML’s polymorphic
let expression where a polymorphic function e1 is bound and used in e2. ∅ is the
empty declaration, and d; val x = e is the extension of the declaration d with x = e.
We identify the terms that differ only in the names of bound variables, and further
adopt the usual “bound variable convention,” i.e. we assume that the set of all
bound variables are distinct and are different from any free variables, and that this
property is preserved by substitution. We write [e1/x]e2 for the term obtained from
e2 by substituting e1 for all free occurrences of x in e2.

In order to define a type system of the calculus, we introduce several notions on
types and type variables. The set of free type variables of σ, denoted by FTV (σ),
is defined as usual. A type σ is closed if FTV (σ) = ∅. We extend these definitions
to other syntactic structures containing types, including type assignments defined
below. We identifies types that differ only in the names of bound type variables,
and assume the “bound type variable convention” similar to the bound variable
convention stated above. A substitution is a function from a subset of type variables
to monotypes. We write [τ1/t1, . . . , τn/tn] for the substitution S such that the
domain of S, written dom(S), is {t1, . . . , tn} and S(ti) = τi (1 ≤ i ≤ n). A
substitution S is extended to the set of all type variables by letting S(t) = t for all
t 6∈ dom(S), and it in turn extends uniquely to monotypes. The result of applying
a substitution S to a polytype ∀t.σ is the type obtained by applying S to its all free
type variables. Under the bounded type variable convention, we can simply take
S(∀t.σ) = ∀t.S(σ). In what follows, we identify a substitution with its extension
to types, but we maintain that the domain of a substitution S always means the
domain of the original function S. If S1 and S2 are substitutions, we write S1S2

for the substitution S such that dom(S) = dom(S1)∪ dom(S2); S(t) = S1(S2(t)) if
t ∈ dom(S2); and S(t) = S1(t) if t ∈ dom(S1) \ dom(S2). We further assume that
this operation associates to the right so that S1S2S3 means S1(S2S3).

We say that τ ′ is an instance of σ = ∀t1 . . . tn. τ , written σ > τ ′, if there exists
a substitution S such that dom(S) = {t1, . . . , tn} and S(τ) = τ ′. This relation can
be extended to polytypes as follows. Let σ1 = ∀t1 . . . tn. τ1, and σ2 = ∀t′1 . . . t′m. τ2.
σ1 > σ2 if σ1 > τ2 and no t′j is free in σ1. One can prove that σ1 > σ2 if and only
if for all monotypes τ , if σ2 > τ then σ1 > τ .

A type assignment Γ is a list (vector) of pairs of a variable and a type. The ratio-
nale behind this restricted treatment, compared to the usual approach of defining
a type assignment to be a finite function from a set of variables to types, is that
a type assignment in our calculus not only specifies the type of variables but it
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also specifies the order of function abstraction, and therefore the order of values
in the run-time environment. We use this correspondence to translate variables to
indexes. We write Γ; {x : σ} for the assignment obtained from Γ by adding a pair
{x : σ} at the end. We assume that a type assignment does not bind the same
variable twice. Under the bound variable convention, there is no loss of generality
in making this assumption. We write Γ(x) for the type σ such that {x : σ} ∈ Γ if
one exists. We also use the following notations for denoting lists: ∅ is the empty
list, [a1; · · · ; an] is the list consisting of the elements a1, . . . , an, and if L is a list
and a is an element then L; a is the list obtained by attaching a at the end of L.

For a type assignment Γ and a type τ , the closure of σ with respect to Γ, written
Clos(Γ, τ), is the polytype ∀t1 . . . tn. τ such that t1, . . . , tn are the set of type vari-
ables FTV (τ) \FTV (Γ) in an arbitrary, but fixed order. It is always the case that
if Clos(Γ, τ) = σ then τ is an instance of σ.

The type system is given as a set of rules to derive the following two forms of
typing judgments:

Γ ` e : τ term e has type τ under type assignment Γ, and

` d : Γ declaration d yields type assignment Γ.

The Core ML type system is given in Figure 1. Note that the rule for lambda
abstraction only allows the last variable in a type assignment to be abstracted. As
a consequence, the order of lambda abstractions is completely determined by the
order of the occurrences of variables in a type assignment.

For typings, the following properties hold, whose proof can be found for example
in [25].

Lemma 1 Let S be any substitution. If σ > τ then S(σ) > S(τ). If Γ ` e : τ then
S(Γ) ` e : S(τ).

For declarations, the following property is easily shown by induction on the length
of the declaration.

Lemma 2 If ` d : Γ then Γ is closed.

A type τ is principal for a term e in Γ (or we simply say Γ ` e : τ is a principal
typing) if Γ ` e : τ and, whenever Γ ` e : τ ′ then Clos(Γ, τ) > τ ′. The principal
type assignment Γ for a declaration d is defined inductively as follows:

• ∅ is the principal type assignment for ∅,
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Typing rules for declarations:

` ∅ : ∅
` d : Γ Γ ` e : τ

` (d; val x = e) : (Γ; {x : Clos(Γ, τ)})

Typing rules for terms:

Γ ` cbk

: bk Γ ` x : τ if x : σ ∈ Γ s.t. σ > τ

Γ; {x : τ1} ` e : τ2

Γ ` λx. e : τ1 → τ2

Γ ` e1 : τ1 → τ2 Γ ` e2 : τ1

Γ ` e1 e2 : τ2

Γ ` e1 : τ1 Γ ` e2 : τ2

Γ ` Pair(e1, e2) : τ1 ∗ τ2

Γ ` e : τ1 ∗ τ2

Γ ` Πie : τi
i = 1, 2

Γ ` e1 : τ1 Γ; {x : Clos(Γ, τ1)} ` e2 : τ2

Γ ` let x = e1 in e2 : τ2

Figure 1. The Type System of Core ML

• Γ; {x : ∀t1 . . . tn.τ} is the principal type assignment for d; val x = e if Γ is the
principal type assignment for d, {t1, . . . , tn} = FTV (τ) and τ is principal for e

in Γ.

In the last definition, since Γ is closed, Clos(Γ, τ) = ∀t1 . . . tn.τ . It should be
noted that for open terms, our definition of principal typing is weaker than the
corresponding one in [3], but it is equivalent for closed typings (i.e. when Γ = ∅)
and declarations. Since we are usually interested in types of closed terms and
declarations, this definition is sufficient.

3. The Polymorphic Unboxed Calculus

This section defines the polymorphic unboxed calculus. This calculus serves as an
abstract machine for unboxed operational semantics, and is the target calculus of
our translation.

We let k range over the set of natural numbers used as size constants in the
calculus, and let α range over the set of size constants and the two kinds of variables
given below:

α ::= k | dacc(n) | iacc(n)
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where n ranges over natural numbers; dacc(n), iacc(n) are direct indexes and indi-
rect indexes respectively, as explained in the introduction.

The set of raw terms of the calculus (ranged over by M) and the set of declarations
(ranged over by D) are given by the following syntax:

M ::= cbk | α | λα. M | M M | Pairα,α(M, M) | ΠαM | letα M in M

D ::= ∅ | D; Mk

where λα.M stands for lambda abstraction whose argument size is denoted by α;
Pairα1,α2(M1,M2) for a pair of terms M1 and M2 whose sizes are denoted by α1

and α2, respectively; ΠαM accesses the position denoted by α in a multi-word
value denoted by M , and corresponds to projection functions. letα M1 in M2

binds a variable to M1 of size denoted by α in M2, and is operationally equivalent
to (λα.M2) M1.

3.1. The type system

To establish the type soundness of the operational semantics of ML we shall develop
later, we define a polymorphic type system of the unboxed calculus. The set of
monotypes and polytypes of this calculus are given by the following syntax:

τ ::= bk | t | size(τ) | τ → τ | τ ∗ τ

σ ::= τ | ∀t. σ
In the above definition, we have introduced a special type constructor size(τ). This
type denotes the singleton set of integer representing the size of values of type τ .
If τ is a type variable t, then size(τ) denotes (the singleton set of) an unknown
integer determined by instantiation of t. For example, if the size of an integer is
1 then size(int) is the type whose only element is 1. In other words, size(τ) is
an integer value which is itself a type. This technique of treating values as types,
originally developed in [20], enables us to perform necessary specialization in the
framework of type inference system.

The size of a type σ, denoted by |σ| is defined as follows.

• |bk| = k

• |τ → τ | = 1

• |size(τ)| = 1

• |τ1 ∗ τ2| = 1
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• |t| undefined.

• |∀t1. . . . .tn.τ | = |τ |

Note that the size of a type variable is undefined and is treated specially in the
following development. The following is easily shown from the definition.

Lemma 3 For any substitution S, if |σ| is defined then |S(σ)| is defined and equal
to |σ|.

In the above definition we have assumed that functions and products are boxed
values of size 1. As mentioned in Introduction, the rationale behind the choice
of boxed products is that they are necessary for defining dynamic data structures
such as lists or trees. This choice also significantly simplifies the translation we
shall develop later due to the property that the size of a type is always determined
by the topmost type constructor. Note, however, that the components of a pair are
not required to be boxed. For example, Pairreal,real(3.14, 2.18) is a boxed pair of
unboxed real numbers, and in an actual implementation it will be represented as a
pointer to a vector consisting of two unboxed floating point numbers. The following
development correctly models this representation.

A type assignment ∆ in this calculus is a list of types. We write ∆.j to denote
the jth element in the list ∆ (counting from left, starting with 1). We also define
the following notation to specify an element in a list ∆:

∆[n] =





∆.1 if n = 0
∆.j if |∆.l| is defined for all 1 ≤ l ≤ j − 1

and n = |∆.1|+ · · ·+ |∆.(j − 1)|
undefined otherwise

The intention of this definition is that if ∆[n] = ∆.j then n is the offset of the jth
element in the run-time environment.

As in Core ML, the type system is defined as a system to derive the following two
forms of judgments:

∆ ` M : τ term M has type τ under type assignment ∆, and

` D : ∆ declaration D yields type assignment ∆.

The type system of the polymorphic unboxed calculus is given in Figure 2.
An example of a typing derivation in this calculus is given in Figure 3, which

shows a typing derivation for the term λ1.λ2.dacc(0)(dacc(1)+3.14) corresponding
to the term λf.λx.f(x + 3.14) given in the introduction.
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Typing rules for declarations:

` ∅ : ∅
` D : ∆ ∆ ` M : τ ∆ ` k : size(τ)

` (D; Mk) : (∆; Clos(∆, τ))

Typing rules for terms:

∆ ` cbk

: bk

∆ ` k : size(σ) if |σ| = k

∆ ` dacc(n) : τ if ∆[n] = σ and σ > τ

∆ ` iacc(n) : τ if ∆.n = σ and σ > τ

∆; τ1 ` M : τ2 ∆ ` α : size(τ1)

∆ ` λα. M : τ1 → τ2

∆ ` M1 : τ1 → τ2 ∆ ` M2 : τ1

∆ ` M1 M2 : τ2

∆ ` M1 : τ1 ∆ ` M2 : τ2 ∆ ` α1 : size(τ1) ∆ ` α2 : size(τ2)

∆ ` Pairα1,α2(M1, M2) : τ1 ∗ τ2

∆ ` M : τ1 ∗ τ2

∆ ` Π0 M : τ1

∆ ` M : τ1 ∗ τ2 ∆ ` α : size(τ1)

∆ ` Πα M : τ2

∆ ` M1 : τ1 ∆; Clos(∆, τ1) ` M2 : τ2 ∆ ` α : size(τ1)

∆ ` letα M1 in M2 : τ2

Figure 2. The Type System of the Polymorphic Unboxed Calculus
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[real → real; real] ` dacc(1) : real [real → real; real] ` 3.14 : real

[real → real; real] ` dacc(1) + 3.14 : real
≡ Ω1

[real → real; real] ` dacc(0) : real → real Ω1

[real → real; real] ` dacc(0)(dacc(1) + 3.14) : real
≡ Ω2

Ω2 [real → real; real] ` 2 : size(real)

[real → real] ` λ2.dacc(0)(dacc(1) + 3.14) : real → real
≡ Ω3

Ω3 [real → real] ` 1 : size(real → real)

∅ ` λ1.λ2.dacc(0)(dacc(1) + 3.14) : (real → real) → real → real

Figure 3. Examples of typing derivations in the unboxed calculus

3.2. Operational semantics

We define an unboxed operational semantics of this calculus in the style of natural
semantics [12] by giving a set of rules to derive the following evaluation relation:

E, A, i ` M ⇓ v

indicating that term M is evaluated to canonical values v in the run-time environ-
ment determined by E, A and i.

The set of canonical values (ranged over by v) is defined as follows:

v ::= cbk | k | cls(k,E, A, i, M) | pair(v1, v2) | wrong

where cls(k, E, A, i,M) is a function closure and wrong represents run-time error.
The size |v| of a canonical value v is defined as follows:

• |cbk | = k

• |k| = 1

• |cls(k, E,A, i, M)| = 1

• |pair(v1, v2)| = 1

E, A, and i determine the state of a run-time evaluation, each of which is explained
below.

• E is a value environment , which is a vector of canonical values. We write E.j

to denote the jth element in E (counting from left to right, starting with 1).



AN UNBOXED OPERATIONAL SEMANTICS FOR ML POLYMORPHISM 15

Note, however, that this is a meta notation for elements in E we use in the
following discussions and proofs. To model the operation for run-time access of
elements in E, we define the operation E[n] similarly to ∆[n] as follows:

E[n] =





E.1 if n = 0
E.j if n = |E.1|+ · · ·+ |E.(j − 1)|
wrong otherwise

The operation E[n] reflects the property that E is a vector containing canonical
values of various sizes, and each element in E is accessed by its offset.

• A is an offset table, which is a vector of natural numbers maintaining the offsets
of each element of E. We define the operation A.j such that if j is smaller or
equal to the number of elements in A then it returns the jth element in A,
otherwise A.j returns wrong. Since all the elements of A have the same size,
A.j is directly implementable.

• i is a natural number indicating the offset of the next available space in the
environment.

As we shall show later, the operational semantics is defined so that the following
properties are invariant: A and E have the same number of elements, A.j is the
offset to the jth value in E, and i is the sum of the sizes of all the elements in E.

Figure 4 gives the operational semantics for the polymorphic unboxed calculus,
which specifies the usual call-by-value, left-to-right evaluation. This set of rules
should be taken with the following implicit rules yielding wrong: if the evaluation
of any of its component specified in the rule yields wrong or does not satisfy the
condition of the rule, or any of the operations used in the rule yields wrong, then the
entire term yields wrong. For example, for the function application, the following
rules are implicitly assumed:

E1, A1, i1 ` M1 ⇓ v and v is not of the form cls(k, E2, A2, i2,M3)
E1, A1, i1 ` M1 M2 ⇓ wrong

E1, A1, i1 ` M1 ⇓ cls(k,E2, A2, i2,M3) E1, A1, i1 ` M2 ⇓ wrong

E1, A1, i1 ` M1 M2 ⇓ wrong

E1, A1, i1 ` M1 ⇓ cls(k,E2, A2, i2,M3) E1, A1, i1 ` M2 ⇓ v |v| 6= k

E1, A1, i1 ` M1 M2 ⇓ wrong

The rules for other term constructors are similarly understood. Note however that



16 A. OHORI AND T. TAKAMIZAWA

E, A, i ` cbk ⇓ cbk

E, A, i ` k ⇓ k

E, A, i ` α ⇓ k

E, A, i ` λα. M ⇓ cls(k, E, A, i, M)

E, A, i ` dacc(n) ⇓ E[n]

E, A, i ` iacc(n) ⇓ E[A.n]

E1, A1, i1 ` M1 ⇓ cls(k, E2, A2, i2, M3)

E1, A1, i1 ` M2 ⇓ v1

E2; v1, A2; i2, i2 + k ` M3 ⇓ v2

E1, A1, i1 ` M1 M2 ⇓ v2

if |v1| = k

E, A, i ` M1 ⇓ v1 E, A, i ` M2 ⇓ v2 E, A, i ` αi ⇓ ki

E, A, i ` Pairα1α2(M1, M2) ⇓ pair(v1, v2)
if |vi| = ki (i = 1, 2)

E, A, i ` M ⇓ pair(v1, v2)

E, A, i ` Π0 M ⇓ v1

E, A, i ` M ⇓ pair(v1, v2) E, A, i ` α ⇓ k

E, A, i ` Πα M ⇓ v2

if |v1| = k

E, A, i ` M1 ⇓ v1 E, A, i ` α ⇓ k E; v1, A; i, i + k ` M2 ⇓ v2

E, A, i ` letα M1 in M2 ⇓ v2

if |v1| = k

(The rules yielding wrong are omitted.)

Figure 4. The Operational Semantics of the Polymorphic Unboxed Calculus

in an actual implementation, the evaluation simply proceeds by assuming that the
argument value satisfies the conditions, and does not perform any run-time check
of size correctness or type correctness. When the argument does not conform to the
constraints required by the operation, something just goes wrong. The introduction
of wrong value in our formalism is to model this situation. Later, we shall show
that well typed programs never go wrong by showing the type soundness theorem
with respect to this operational semantics.
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∅, ∅, 0 ` λ2.λ2.dacc(0) + dacc(2) ⇓ cls(2, ∅, ∅, 0, λ2.dacc(0) + dacc(2))

∅, ∅, 0 ` 2.72 ⇓ 2.72

[2.72], [0], 2 ` λ2.dacc(0) + dacc(2) ⇓ cls(2, [2.72], [0], 2, dacc(0) + dacc(2))

∅, ∅, 0 ` (λ2.λ2.dacc(0) + dacc(2)) 2.72 ⇓ cls(2, [2.72], [0], 2, dacc(0) + dacc(2))

∅, ∅, 0 ` (λ2.λ2.dacc(0) + dacc(2)) 2.72 ⇓ cls(2, [2.72], [0], 2, dacc(0) + dacc(2))

∅, ∅, 0 ` 3.14 ⇓ 3.14

[2.72; 3.14], [0; 2], 4 ` dacc(0) + dacc(2) ⇓ 5.86

∅, ∅, 0 ` (λ1.λ2.dacc(0) + dacc(2)) 2.72 3.14 ⇓ 5.86

Figure 5. Example of evaluation in the unboxed calculus

This set of rules is designed so that they can be implemented efficiently in a
conventional computer system. In particular, size information is explicitly available
whenever size dependent action will be needed. Some explanation is in order in the
perspective of implementation. The rule for dacc(n) performs direct memory access
by address, and the rule for iacc(n) performs indirect memory access. The rule for
function application M1 M2 first evaluates M1 to obtain a closure, evaluates M2 to
obtain a value v, switches the evaluation context to the one stored in the closure
and copies the first k words of v to the end of the environment, and finally evaluates
the body of the closure. In an actual implementation, some part of the environment
may be implemented by several registers, which will be saved in the environment
when needed. Such optimization is easily incorporated. This scheme performs
correct action if the size |v| of the argument and the size information k stored in
the closure are the same. As we shall see later, the type system guarantees that this
is always the case for any type-checked programs. The rule for Pairα1,α2(M1,M2)
evaluates M1,M2 in this order to obtain values v1, v2, evaluates α1, α2 to obtain
size constants k1, k2, allocates a k1 + k2 word block in the heap, copies first k1, k2

words of v1 and v2 respectively to the heap, and returns a pointer to the heap.
Again the type system guarantees that size constants k1, k2 reflects the actual sizes
of v1, v2 respectively. Π0 accesses the first element of the pair. Πα first gets the
offset value corresponding to the second element of the pair, and it then accesses
the element. An example of evaluation in the unboxed calculus is given in Figure 5.

The operational semantics of declaration M1; · · · ; Mn is defined as follows:

(Mk1
1 ; · · · ; Mkn

n ) ⇓ v ⇐⇒ ∅, ∅, 0 ` (letk1 M1 in letk2 M2 in · · · in Mn) ⇓ v
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3.3. Soundness of the type system

As seen from the definition, the operational semantics is unsafe – evaluation may
return wrong due to type inconsistency or size inconsistency. However, if a program
is type correct then it is guaranteed that its evaluation is always type consistent
and size consistent, and therefore “does not go wrong”. We show this desirable
property by showing the soundness of the type system.

We write |= v : σ if canonical value v has type σ. For a closed monotype, this
relation is defined as follows:

• |= cbk

: bk

• |= k : size(τ) if |τ | = k

• |= cls(k,E, A, i, M) : τ1 → τ2 if |τ1| = k

and for all v1 if |= v1 : τ1 and E; v1, A; i, i + k ` M ⇓ v2 then |= v2 : τ2

• |= pair(v1, v2) : τ1 ∗ τ2 if |= v1 : τ1 and |= v2 : τ2

This relation is extended to general polytypes by the following rules:

• |= v : τ if |= v : S(τ) for all total ground substitutions S

• |= v : ∀t1 . . . tn. τ if |= v : τ

We write Elms(L) for the number of elements in L. For a value environment E,
we write Size(E) for the size of E, i.e. Size(E) = Σ1≤i≤Elms(E)|E.i|. We say that
E, A, i respect a closed type assignment ∆, denoted by E, A, i |= ∆, if the following
conditions are satisfied:

• i = Size(E),

• Elms(∆) = Elms(E) = Elms(A),

• |= E.j : ∆.j for all 1 ≤ j ≤ Elms(E),

• A.1 = 0, A.(j + 1) = A.j + |E.j| for all 1 ≤ j ≤ Elms(E)− 1,

For general ∆, we define E, A, i |= ∆ if E, A, i |= S(∆) for any total ground substi-
tution S.

The purpose of the rest of this section is to prove the type soundness theorem for
the polymorphic unboxed calculus. We first show some lemmas.

Lemma 4 1. If |= v : σ and σ > τ then |= v : τ .
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2. If |= v : σ then |v| = |σ|.

3. If E, A, i |= ∆ then A.1 = 0, A.j = |E.1| + |E.2| + · · · + |E.(j − 1)| for all
2 ≤ j ≤ Elms(A), and |E.j| = |∆.j| for all j ≤ Elms(A).

Proof: By definitions.

Lemma 5 Let S be any substitution. If ∆ ` M : τ then S(∆) ` M : S(τ).

Proof: By induction on the structure of M . We show the cases for size constants
and variables. The case for let is shown similarly to the corresponding lemma for
Core ML. Other cases follow directly from the induction hypothesis.

Case k. Suppose ∆ ` k : size(σ). Then k = |σ|. By lemma 3, |σ| = |S(σ)|. Thus
S(∆) ` k : size(S(σ)).

Case dacc(n). Suppose ∆ ` dacc(n) : τ . Then ∆[n] > τ . This implies that
∆[n] = ∆.j for some j such that n = |∆.1|+ · · ·+ |∆.j − 1|. By lemma 3, |∆.j| =
|S(∆.j)|. Then it is shown by a simple induction on j that S(∆)[n] is defined and
equals to S(∆.j). By lemma 1, S(∆.j) > S(τ). The desired result then follows
from the typing rule.

Case iacc(n). By using lemma 1.

Using these lemmas, we prove the following type soundness theorem.

Theorem 1 If ∆ ` M : τ , E,A, i |= ∆ and E, A, i ` M ⇓ v then |= v : τ .

Proof: By induction on the structure of the term in the style of [25]. The cases
for constants and size constants are trivial.

Case dacc(n). Suppose ∆ ` dacc(n) : τ . Then there is some j such that ∆[n] =
∆.j, n = |∆.1| + · · · + |∆.(j − 1)|, and ∆.j > τ . Suppose E, A, i ` dacc(n) ⇓ v.
Then v = E[n]. By lemma 4 |E.i| = |∆.i| for all 1 ≤ i ≤ Elms(∆), and therefore
n = |E.1| + · · · + |E.(j − 1)|. Thus E[n] = E.j. E, A, i |= ∆ implies |= E.j : ∆.j.
Then by lemma 4, |= E.j : τ and therefore |= v : τ as desired.

Case iacc(n). Suppose ∆ ` iacc(n) : τ . By the typing rule, ∆.n > τ . Suppose
E, A, i ` iacc(n) ⇓ v. Then v = E[A.n]. E, A, i |= ∆ implies A.n = |E.1| + · · · +
|E.(n− 1)| and |= E.n : ∆.n. So E[A.n] = E.n. Then by lemma 4, |= E.n : τ ,
and therefore |= v : τ as desired.

Case λα.M ′. Suppose ∆ ` λα. M ′ : τ1 → τ2. By the typing rules, ∆; τ1 ` M ′ : τ2

and ∆ ` α : size(τ1). Let S be any total ground substitution. By lemma 5,
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S(∆);S(τ1) ` M ′ : S(τ2) and S(∆) ` α : size(S(τ1)). Suppose E,A, i ` α ⇓ vα. By
the induction hypothesis, |= vα : size(S(τ1)). Now suppose E, A, i ` λα. M ′ ⇓ v. v

must be of the form cls(vα, E, A, i,M ′). Let v1 be any value such that |= v1 : S(τ1).
Then vα = |S(τ1)| = |v1|. Suppose E; v1, A; i, i + vα ` M ′ ⇓ v2. By definition,
E, A, i |= ∆ implies E,A, i |= S(∆). We also have: Size(E; v1) = Size(E) + |v1| =
Size(E) + |S(τ1)| = i + vα, and i = Size(E) = A.Elms(A) + |E.Elms(E)|. There-
fore E; v1, A; i, i + vα |= S(∆); S(τ1). Then by the induction hypothesis for M ′,
|= v2 : S(τ2). This proves |= cls(vα, E,A, i, M ′) : S(τ1) → S(τ2). Since S is arbi-
trary, we have |= cls(vα, E,A, i, M ′) : τ1 → τ2 as desired.

Case M1 M2. Suppose ∆ ` M1 M2 : τ . Then there must be some τ ′ such
that ∆ ` M1 : τ ′ → τ and ∆ ` M2 : τ ′. Let S be any total ground substitution.
By lemma 5, S(∆) ` M1 : S(τ ′) → S(τ) and S(∆) ` M2 : S(τ ′). By definition,
E, A, i |= ∆ implies E, A, i |= S(∆). Suppose E, A, i ` M1 M2 ⇓ v. By the evalua-
tion rule, there is a v1 such that E, A, i ` M1 ⇓ v1. By the induction hypothesis for
M1, |= v1 : S(τ ′) → S(τ). Then there must exist a v2 such that E, A, i ` M2 ⇓ v2.
By the induction hypothesis for M2, |= v2 : S(τ ′). By lemma 4, |v2| = |S(τ ′)|.
By the definition of value typing, v1 must be of the form cls(k, E′, A′, i′,M ′)
such that |S(τ ′)| = k. Then by the evaluation rule, E′; v2, A

′; i′, i′ + k ` M ′ ⇓ v.
Since |= cls(k,E′, A′, i′,M ′) : S(τ ′) → S(τ), |= v2 : S(τ ′) and k = |v2|, we have
|= v : S(τ). Since this holds for any S, we have |= v : τ as desired.

Case Pairα1α2(M1,M2). Suppose ∆ ` Pairα1,α2(M1, M2) : τ . Then there are
some τ1, τ2 such that τ = τ1 ∗ τ2, ∆ ` M1 : τ1, ∆ ` M2 : τ2, and ∆ ` αi : size(τi)
(i ∈ {1, 2}). Let S be any total ground substitution. By lemma 5, S(∆) ` Mi : S(τi)
and S(∆) ` αi : size(S(τi)) (i ∈ {1, 2}.) E,A, i |= ∆ implies E, A, i |= S(∆). Sup-
pose E, A, i ` Pairα1,α2(M1,M2) ⇓ v. By the evaluation rule, there must be v1 such
that E,A, i ` M1 ⇓ v1. By the induction hypothesis for M1, we have |= v1 : S(τ1).
Then there must exist a v2 such that E,A, i ` M2 ⇓ v2. By the induction hy-
pothesis for M2, we have |= v2 : S(τ2). Similarly, there must exist vαi such that
E, A, i ` αi ⇓ vαi . Again by the induction hypothesis, |= vαi : size(S(τi)). By
the definition of typing of canonical values, vαi = |S(τi)|. By lemma 4 |vi| =
|S(τi)|. Then |vi| = vαi . Then by the evaluation rule, v = pair(v1, v2). Therefore
|= v : S(τ1) ∗ S(τ2) by the definition of typing of canonical values. Since this holds
for any S, we have proved |= v : τ1 ∗ τ2.

Case ΠαM ′. Suppose ∆ ` ΠαM : τ . There are two cases to be considered.
Case α = 0. There are some τ1, τ2 such that ∆ ` M : τ1 ∗ τ2, and τ = τ1.

Let S be any total ground substitution. By lemma 5, S(∆) ` M : S(τ1) ∗ S(τ2).
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By definition, E,A, i |= ∆ implies E, A, i |= S(∆). By the evaluation rule, there
must exist a v′ such that E, A, i ` M ⇓ v′. By the induction hypothesis for M ,
we have |= v′ : S(τ1) ∗ S(τ2). By the definition of typing of canonical values, v′

must be of the form pair(v1, v2) such that |= v1 : S(τ1), |= v2 : S(τ2). Now sup-
pose E, A, i ` Π0M ⇓ v. Then by the definition of evaluation, we have v = v1 and
therefore |= v1 : S(τ1). Since this holds for any S, we have proved |= v : τ1.

Case where α is one of k, dacc(n) or iacc(n). By the typing rule for Π, there
are some τ1, τ2 such that ∆ ` M : τ1 ∗ τ2, ∆ ` α : size(τ1), and τ = τ2. Let S be
any total ground substitution. By lemma 5, we have S(∆) ` M : S(τ1) ∗ S(τ2) and
S(∆) ` α : size(S(τ1)). By definition, E,A, i |= ∆ implies E, A, i |= S(∆). Sup-
pose E, A, i ` ΠαM ⇓ v. By the definition of the evaluation rule, there must ex-
ist a v′ such that E, A, i ` M ⇓ v′. By the induction hypothesis for M , we have
|= v′ : S(τ1) ∗ S(τ2). By the definition of typing of canonical values, v′ must be of
the form pair(v1, v2) such that |= v1 : S(τ1) and |= v2 : S(τ2). Then there must
exist a vα such that E, A, i ` α ⇓ vα. By the induction hypothesis for α, we have
|= vα : size(S(τ1)). So it must be that vα = |S(τ1)| = |v1|. Then by the evaluation
rule, v = v2 and therefore |= v : S(τ2). Since this holds for any S, we have proved
|= v : τ2.

Case letα M1 in M2. Suppose ∆ ` letα M1 in M2 : τ . Then there is some
τ1 such that ∆ ` M1 : τ1, ∆ ` α : size(τ1), and ∆;Clos(∆, τ1) ` M2 : τ . Let S

be any total ground substitution and {t1, . . . , tn} = FTV (τ1) \ FTV (∆). Let
t′1, . . . , t

′
n be type variables not in FTV (∆) ∪ FTV (τ1) ∪ FTV (τ), and let S1 be

the substitution such that doma(S1) = dom(S), S1(t) = S(t) if t ∈ dom(S) \
{t1, . . . , tn}, and S1(ti) = t′i(i ∈ {1, . . . , n}). By lemma 5, S1(∆) ` M1 : S1(τ1), and
S(∆; Clos(∆, τ1)) ` M2 : S(τ). By the construction of S1, we also have S1(∆) =
S(∆) and S(∆; Clos(∆, τ1)) = S(∆);S(Clos(∆, τ1)) = S(∆);Clos(S(∆), S1(τ1)).
Then S(∆) ` M1 : S1(τ1), and S(∆); Clos(S(∆), S1(τ1)) ` M2 : S(τ). Now suppose
E, A, i ` letα M1 in M2 ⇓ v. By the definition of the evaluation rule, there is some
v1 such that E, A, i ` M1 ⇓ v1. By definition, E,A, i |= ∆ implies E,A, i |= S(∆).
By the induction hypothesis for M1, we have |= v1 : S1(τ1). Then by the evaluation
rule, there must be vα such that E, A, i ` α ⇓ vα. Since S(∆) ` α : size(S1(τ1)),
by the induction hypothesis, |= vα : size(S1(τ1)). By definition, vα = |S1(τ1)|.
By lemma 4, |v1| = |S1(τ1)|. Then we have E; v1, A; i, i + vα ` M2 ⇓ v. Since
|= v1 : S1(τ1) we have |= v1 : Clos(S(∆), S1(τ1)). By the definition of evalua-
tion, E; v1, A; i, i + vα |= S(∆);Clos(S(∆), S1(τ1)). Then |= v : S(τ) follows from
the induction hypothesis for M2. Since S is arbitrary, we have proved |= v : τ .
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4. Type Inference and Compilation

The next step in our development is to give a translation algorithm of Core ML
into the polymorphic unboxed calculus we have just defined. The basic idea is
to use the type information obtained by type inference to produce a code for a
polymorphic function so that it performs an appropriate action specialized to the
run-time representation of an argument according to its type. The translation
algorithm is divided into two stages – first to translate a given raw term to an
explicitly typed term, and then to compile the explicitly typed term into a term of
the unboxed polymorphic calculus.

4.1. Explicitly typed ML

We define an explicitly typed version of Core ML similar to Core XML [7]. The set
of explicitly typed terms (ranged over by X) and declarations (ranged over by B)
are given by the syntax:

X ::= (x τ1 τ2 · · · τn) | cbk | λx : τ. X | X X | Pairτ1τ2(X1, X2)

| Πτ1τ2
i X | let x : σ = X in X

B ::= ∅ | B ; val x : σ = X

(x τ1 · · · τn) corresponds to nested type application in the second-order lambda
calculus. The set of free type variables of X, denoted by FTV (X), is defined by
a routine induction, except for the case of let expression whose definition is given
below:

FTV (let x : ∀t1 . . . ∀tn.τ1 = X1 in X2)

= ((FTV (τ1) ∪ FTV (X1)) \ {t1, . . . , tn}) ∪ FTV (X2)

The set of free type variables of a declaration is defined inductively as follows:

FTV (B; val x : ∀t1 . . . ∀tn.τ1 = X1)

= ((FTV (τ1) ∪ FTV (X1)) \ {t1, . . . , tn}) ∪ FTV (B)

with FTV (∅) = ∅. Substitutions extend uniquely to explicitly typed terms.
The type system of explicitly typed Core ML is defined in Figure 6.
For this calculus, the following expected property holds.

Lemma 6 Let S be any substitution. If Γ ` X : τ then S(Γ) ` S(X) : S(τ).
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Typing rules for declarations:

` ∅ : ∅
` B : Γ Γ ` X : τ

` (B; val x : Clos(Γ, τ) = X) : (Γ; {x : Clos(Γ, τ)})

Typing rules for terms:

Γ ` cbk

: bk

(x : ∀t1 . . . tn. τ) ∈ Γ

Γ ` (x τ1 . . . τn) : τ [τ1/t1, . . . , τn/tn]

Γ; {x : τ1} ` X : τ2

Γ ` λx : τ1. X : τ1 → τ2

Γ ` X1 : τ1 → τ2 Γ ` X2 : τ1

Γ ` X1 X2 : τ2

Γ ` X1 : τ1 Γ ` X2 : τ2

Γ ` Pairτ1τ2(X1, X2) : τ1 ∗ τ2

Γ ` X : τ1 ∗ τ2

Γ ` Πτ1τ2
i X : τi

i = 1, 2

Γ ` X1 : τ1 Γ; {x : Clos(Γ, τ1)} ` X2 : τ2

Γ ` let x : Clos(Γ, τ1) = X1 in X2 : τ2

Figure 6. Typing Rules for explicitly Typed Core ML

This can be proved similarly to lemma 1.

The main reason for using this calculus as an intermediate calculus for our type
dependent translation is that a term in this calculus encodes all type information
of a typing derivation of a given raw Core ML term. The following result is shown
by Harper and Mitchell [7].

Proposition 1 There is one-to-one correspondence between typings of the explic-
itly typed calculus and typing derivations of Core ML.

We define an algorithm to produce a typing of this explicitly typed calculus. The
algorithm is an adaptation of Milner’s type inference algorithmW with the following
two refinements. First, we distinguish two kinds of type variables: size sensitive type
variables, denoted by s, and size insensitive ones denoted by u. Intuitively, a type is
size sensitive if its size information will be needed in translation. For example, the
type of the variable x in λx.x is size sensitive since its size is needed to translate this
term into a term in the unboxed calculus. The type inference algorithm therefore
produces an explicitly typed term of the form λx : s.x to indicate that the size of
type variable s will be needed in the translation. We use a meta variable t when
we are not concerned about the difference. The unification algorithm is refined so
that when unifying s and u, it produces a type sensitive variable, i.e. it returns a
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substitution that substitutes s for u. This refinement can be easily formulated as
a simple case of kinded type variables [20].

The second refinement is the elimination of vacuous type variables [20], i.e. those
that appear in an explicitly typed term but not in its type or its type assignment.
For example, consider the type variable t in the following typing in the explicitly
typed calculus.

∅ ` (λf : t → t.1) (λx : t.x) : int

Since t does not appear in the result type or the type assignment, it will never be
further instantiated, and therefore the size of x cannot be statically determined.
This is an example of a vacuous type variable. Our solution to this problem is to
replace these type variables with a predefined (virtual) base type b0 of size 0. Type
safety of this is seen by observing that these type variables are associated with
no typing constraint, and therefore the derivation tree obtained by replacing them
with b0 still remains a valid derivation for the same typing. For example,

∅ ` (λf : b0 → b0.1) (λx : b0.x) : int

remains a valid typing. See [20] for more discussion on vacuous type variables, and
[18] where it has been shown that these type variables are the source of failure of
coherence of translation from ML typings to Core XML terms, but it has also been
shown that they do not affect the meaning of ML typings.

The soundness of this transformation is stated more formally as follows.

Corollary 1 If Γ ` X : τ then Γ ` [b0/t1, . . . , b
0/tn](X) : τ where {t1, . . . , tn} =

FTV (X) \ (FTV (Γ) ∪ FTV (τ)).

Proof: By lemma 6.

Figures 7 shows the algorithm W which takes a type environment Γ and a term e

of Core ML, and returns a substitution S, an explicitly typed term X and a type τ .
Figure 8 shows the algorithm Infer which takes a Core ML declaration d and returns
a pair (B, Γ) of a declaration of explicitly typed ML and a type environment.

For an explicitly typed term X, its type erasure, denoted by erase(X), is the term
defined below:

erase((x τ1 . . . τn)) = x

erase(cbk

) = cbk

erase(λx : τ. X) = λx. erase(X)
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W(Γ, x) = if x 6∈ dom(Γ) then fail

else let ∀t1 . . . tn. τ = Γ(x)

t′1 . . . t′n be new s.t. if ti = si then t′i = s′i and if ti = ui then t′i = u′i
in (∅, (x, t′1, . . . , t

′
n), [t′1/t1, . . . , t

′
n/tn](τ))

W(Γ, cbk

)=(∅, cbk

, bk)

W(Γ, λx. e1) = (S, X1, τ1) = W(Γ; {x : s}, e1) in (S, λx : S(s). X1, S(s) → τ1) (s fresh)

W(Γ, e1 e2) = let (S1, X1, τ1) = W(Γ, e1)

(S2, X2, τ2) = W(S1(Γ), e2)

S3 = U(S2(τ1), τ2 → u) (u fresh)

in (S3S2S1, S3((S2(X1))X2), S3(u))

W(Γ, Pair(e1, e2))= let (S1, X1, τ1) = W(Γ, e1)

(S2, X2, τ2) = W(S1(Γ), e2)

S3 = U(S2(τ1) ∗ τ2, s1 ∗ s2) (s1, s2 fresh)

in (S3S2S1, PairS3(s1),S3(s2)(S3S2(X1), S3(X2)), S3(s1) ∗ S3(s2))

W(Γ, Πie)= let (S1, X, τ) = W(Γ, e)

S2 = U(τ, s ∗ u) (s,u fresh)

in (S2S1, Π
S2(s)S2(u)
i S2(X), S2(t)) where t = s if i = 1 or t = u if i = 2

W(Γ, let x = e1 in e2) =

let (S1, X1, τ1) = W(Γ, e1)

S2 = U(τ1, s) (s fresh)

(S3, X2, τ2) = W(S2S1(Γ); {x : σ}, e2) where σ = Clos(S2S1(Γ), (S2(τ1))

σ = ∀t1 . . . tn. τ

{t′1, . . . , t′k} = FTV (X1) \ (FTV (Γ) ∪ {t1, . . . , tn})
S4 = [b0/t′1, . . . , b

0/t′k]

in (S3S2S1, let x : S4S3(σ) = S4S3S2(X1) in S4(X2), τ2)

where U is the unification algorithm.

Figure 7. Type Inference Algorithm for Terms
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Infer(∅) = (∅, ∅)
Infer(d; val x = e)=

let (B, Γ) = Infer(d)

(S1, X, τ) = W(Γ, e)

S2 = U(τ, s) (s fresh)

∀t1. . . . .∀tk.S2(τ) = Clos(S2S1(Γ), S2(τ))

{t′1, . . . , t′n} = FTV (S2(X)) \ {t1, . . . , tk}
S3 = [b0/t′1, . . . , b

0/t′n]

in (B ; val x : ∀t1. . . . .∀tk.S2(τ) = S3S2(X), Γ ; {x : ∀t1. . . . .∀tk.S2(τ)})

Figure 8. Type Inference Algorithm for Declarations

erase(X1 X2) = erase(X1) erase(X2)

erase(Pairτ1,τ2(X1, X2)) = Pair(erase(X1), erase(X2))

erase(Πτ1τ2
i X) = Πierase(X)

erase(let x : σ = X1 in X2) = let x = erase(X1) in erase(X2)

For the declaration B, its type erasure, erase(d), is defined as follows:

erase(∅) = ∅
erase(B; val x : σ = X) = erase(B); val x = erase(X)

We say that an occurrence of type τ in a typing Γ ` X : τ ′ of the explicitly typed
calculus is size sensitive if one of the following holds:

• τ is τ1 in a sub-term of the form λx : τ1.X1,

• τ is one of {τ1, τ2} in a sub-term of the form Pairτ1,τ2(X1, X2),

• τ is τ1 in a sub-term of the form Πτ1,τ2
i X1,

• τ is τ1 in a sub-term of the form let x : ∀t1 . . . tn.τ1 = X1 in X2, or

• τ is one of {τ1, . . . , τn} in a sub-term of the form (x τ1 · · · τn) such that Γ(x) =
∀t1 . . . tn.τ0 and ti is a size sensitive type variable.

A typing Γ ` X : τ in the explicit calculus is well formed if any occurrence of a type
variable is size sensitive then it is a type sensitive type variable. This definition is
extended to declarations.

The algorithm W and Infer are sound and complete in the following sense.
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Proposition 2 1. If W(Γ, e) = (S,X, τ), then S(Γ) ` e : τ is a principle typing
in Core ML, S(Γ) ` X : τ is a derivable well formed typing in the explicitly
typed Core ML and erase(X) = e; if it returns failure, then e has no typing
in Core ML.

2. If Infer(d) = (B, Γ) then ` d : Γ is a principal typing in Core ML, ` B : Γ is a
derivable well formed typing in explicitly typed Core ML that does not contain
vacuous type variables, erase(B) = d, and Γ is closed; if it returns failure then
d has no typing.

The proof is essentially the same as in ML [3]. The additional property of well
formedness is easily verified by checking each case of the algorithm.

4.2. The translation algorithm

We define an algorithm that translates declarations of explicitly typed Core ML
into declarations of the polymorphic unboxed calculus. For the algorithm to work
correctly, we require that the given declaration is well formed and has no vacuous
type variables. Since the type inference algorithm only produces declarations sat-
isfying these conditions, this assumption does not impose any restriction on terms
to be translated. The translation algorithm, Comp, is defined as a function which
takes a well formed declaration of explicitly typed Core ML, and returns a pair of a
type assignment Γ and a declaration D of the polymorphic unboxed calculus, using
the algorithm C which takes a term X and a type assignment Γ of Core XML and
produces a term of the polymorphic unboxed calculus. The algorithm Comp and
C are given in Figures 9 and 10.

Since we have already defined an operational semantics of the unboxed calculus,
this translation algorithm defines an operational semantics of Core ML. To show the
soundness of the Core ML type system with respect to this operational semantics,
we define several auxiliary notions. The size completion of a polytype ∀t1 . . . tn. τ

of Core ML, denoted by (∀t1 . . . tn. τ)∗, is the type ∀t1 . . . tn. size(s1) → . . . →
size(sk) → τ such that {s1, . . . sk} = {si|si ∈ {t1, . . . , tn}}. The size completion of
a closed type assignment Γ, denoted by (Γ)∗, is the type assignment Γ′ such that
dom(Γ′) = dom(Γ), and Γ′(x) = (Γ(x))∗ for all x ∈ dom(Γ′). For a type assignment
Γ, the name erasure of Γ, denoted by Range(Γ), is the list of types obtained from
Γ by erasing all variables.

We now prove that the algorithm preserves typings.
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Comp(∅) = (∅, ∅)
Comp(B ; val x : ∀t1 . . . tn. τ = X)

= let (Γ, D) = Comp(B)

{s1, . . . , sl} = {si|si ∈ {t1, . . . , tn}}
M = C(Γ′, X) where Γ′ = Γ; {xs1 : size(s1), . . . , xsl : size(sl)}
k = |∀t1 . . . tn. size(s1) → · · · → size(sl) → τ |

in (Γ; {x : ∀t1 . . . tn. size(s1) → · · · → size(sl) → τ},
D; (λ1 . . . λ1

︸ ︷︷ ︸
l

. M)k)

Figure 9. The Translation Algorithm for Declarations

Theorem 2 If ` d : Γ is a well formed derivable declaration of the explicitly typed
Core ML containing no vacuous type variables, then Comp(d) = (Γ′, D) such that
` D : Range(Γ′) and Γ′ = (Γ)∗.

Proof: We first show the following property on the algorithm C:

If Γ ` X : τ is a well formed typing of the explicitly typed Core ML and
if Γ′ satisfies the property that for all x ∈ dom(Γ), Γ′(x) = (Γ(x))∗ and
for any s ∈ FTV (X), (xs : size(s)) ∈ Γ′, then C(Γ′, X) = M such that
Range(Γ′) ` M : τ .

Proof is by induction on the structures of X. The case for constants is trivial, and
the case for application follows directly from the induction hypothesis.

Case (x τ1 . . . τn). Suppose Γ ` (x τ1 . . . τn) : τ . Then Γ(x) must be of the form
∀t1 . . . tn. τ0 such that τ = S(τ0), where S = [τ1/t1, . . . , τn/tn]. Let Γ′ satisfy the
property for Γ ` (x τ1 . . . τn) : τ . Also let {x1 : σ1, . . . , xi : σi, x : σ, . . .} = Γ′.
Then σ = ∀t1 . . . tn. size(s1) → · · · → size(sl) → τ0, where {s1, . . . , sl} are size
sensitive type variables in {t1, . . . , tn}. There are two cases to be considered.
First, suppose |σj | is defined for all 1 ≤ j ≤ i. Then ACC(x, Γ′) = dacc(n)
such that Range(Γ′)[n] = ∀t1 . . . tn. size(s1) → · · · → size(sl) → τ0. Secondly,
suppose |σj | is undefined for some 1 ≤ j ≤ i. Then ACC(x,Γ′) = iacc(n)
such that Range(Γ′).n = ∀t1 . . . tn. size(s1) → · · · → size(sl) → τ0. In either
case, Range(Γ′) ` ACC(x, Γ′) : size(S(s1)) → · · · → size(S(sl)) → S(τ0). By the
property of Γ′, if S(si) = s then (xs : size(s)) ∈ Γ′. Then each αi mentioned
in the algorithm is defined and Range(Γ′) ` αi : size(S(si)). Therefore we have
Range(Γ′) ` ACC(x, Γ′) α1 · · ·αl : τ .
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C(Γ, (x τ1 . . . τn))= let (x : ∀t1 . . . tn. size(s1) → · · · → size(sl) → τ) ∈ Γ

αi =





k if |[τ1/t1, . . . , τn/tn](si)| = k

ACC(xt, Γ) if [τ1/t1, . . . , τn/tn](si) = t and

(xt : size(t)) ∈ Γ

in ACC(x, Γ) α1 . . . αl

C(Γ, cbk

) = cbk

C(Γ, λx : τ. X) = let M = C(Γ; {x : τ}, X)

α =

{
k if |τ | = k

ACC(xt, Γ) if τ = t, (xt : size(t)) ∈ Γ

in λα. M

C(Γ, X1X2) = C(Γ, X1)C(Γ, X2)

C(Γ, Pairτ1τ2(X1, X2)) = let Mi = C(Γ, Xi) (i = 1, 2)

αi =

{
k if |τi| = k

ACC(xt, Γ) if τi = t, (xt : size(t)) ∈ Γ

in Pairα1α2(M1, M2)

C(Γ, Πτ1τ2
i X) = let M = C(Γ, X)

in case i = 1 : Π0M

case i = 2 : let α =

{
k if |τ1| = k

ACC(xt, Γ) if τ1 = t, (xt : size(t)) ∈ Γ

in ΠαM

C(Γ, let x = ∀t1 . . . tn. τ = X1 in X1) =

let {s1 . . . sl} = {si|si ∈ {t1 . . . tn}}
M1 = C(Γ; {xs1 : size(s1), . . . , xsl : size(sl)}, X1)

M2 = C(Γ; {x : ∀t1 . . . tn. size(s1) → . . . → size(sl) → τ}, X2)

α =

{
k if |∀t1 . . . tn. size(s1) → . . . → size(sl) → τ | = k

ACC(xt, Γ) if ∀t1 . . . tn. τ = t and (xt : size(t)) ∈ Γ

in letα λ1 . . . λ1

︸ ︷︷ ︸
l

. M1 in M2

where ACC(x, Γ) =





dacc(n) if Γ = [x1 : σ1; . . . ; xk : σkx : σ; . . .], and

n = |σ1|+ · · ·+ |σk|
iacc(n) if Γ = [x1 : σ1; . . . ; xk : σk; x : σ; . . .],

∃i(1 ≤ i ≤ k) |σi| is undefined and n = k + 1

Figure 10. The Translation Algorithm for Typings
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Case λx : τ1. X ′. Suppose Γ ` λx : τ1. X ′ : τ1 → τ2. Then Γ; {x : τ1} ` X ′ : τ2.
Let Γ′ satisfy the condition for Γ ` λx : τ1. X ′ : τ1 → τ2. Then Γ′; {x : τ1} satis-
fies the condition for Γ; {x : τ1} ` X ′ : τ2. Let M ′ = C(Γ′; {x : τ1}, X ′). By the
induction hypothesis, we get Range(Γ′; {x : τ}) ` M ′ : τ2. By the definition of C,
M = λα. M ′ where α = |τ1| if it is defined otherwise τ is a type variable s and
α = ACC(xs, Γ′). In the latter case, (xs : size(s)) ∈ Γ′ by the assumption on Γ′.
Therefore ACC(xs, Γ′) is defined. Thus in either case, Range(Γ′) ` α : size(τ1).
Then we have Range(Γ′) ` λα. M ′ : τ1 → τ2 by the typing rules.

Case Pairτ1τ2(X1, X2). Suppose Γ ` Pairτ1τ2(X1, X2) : τ1 ∗ τ2. Then Γ ` X1 : τ1,
Γ ` X2 : τ2. Let Γ′ satisfy the condition for Γ ` Pairτ1τ2(X1, X2) : τ1 ∗ τ2. Let
M1 = C(Γ′, X1) and M2 = C(Γ′, X2). Since Γ′ satisfies the condition for Γ ` X1 : τ1

and Γ ` X2 : τ2, by the induction hypothesis we have Range(Γ′) ` M1 : τ1 and
Range(Γ′) ` M1 : τ1. By the definition of C, M = Pairα1α2(M1,M2) where αi =
|τi| if it is defined, otherwise τi is a type variable si and αi = ACC(xsi , Γ

′). In the
latter case there must be (xsi : size(si)) ∈ Γ′ by the condition on Γ′. In either case
we have Range(Γ′) ` αi : size(τi). Range(Γ) ` Pairα1,α2(X1, X2) : τ1 ∗ τ2 follows
from the typing rule.

Case Πτ1τ2
i X ′. The case for Π1 follow directly from the induction hypothesis.

Suppose Γ ` Πτ1τ2
2 X ′ : τ2. Then Γ ` X ′ : τ1 ∗ τ2. Let Γ′ satisfy the condition

for Γ ` Πτ1τ2
2 X ′ : τ2. Let M ′ = C(Γ′, X ′). Γ′ also satisfies the condition for

Γ ` X ′ : τ1 ∗ τ2. By the induction hypothesis, Range(Γ′) ` M ′ : τ1 ∗ τ2. Now let
M = C(Γ′,Πτ1τ2

2 X ′). Then M = Πα M ′ where α = |τ1| if it is defined or τ1 is a type
variable s and α = ACC(xs, Γ′). In the latter case there must be (xs : size(s)) ∈ Γ′

by the condition on Γ′. Therefore in either case we have Range(Γ′) ` α : size(τ1).
Then we have Range(Γ′) ` ΠαM ′ : τ2.

Case let x : σ = X1 in X2. Suppose Γ ` let x : σ = X1 in X2 : τ . Then there
is some τ1 such that Γ ` X1 : τ1, Γ; {x : ∀t1 . . . tn. τ1} ` X2 : τ , and ∀t1 . . . tn. τ1 =
Clos(Γ, τ1). Let Γ′ satisfy the property for Γ ` let x : σ = X1 in X2 : τ , and let

{s1, . . . , sl} = {s|s ∈ {t1, . . . , tn}}
M1 = C(Γ′{xs1 : size(s1), . . . , xsl

: size(sl)}, X1)

M2 = C(Γ′{x : ∀t1 . . . tn.size(s1) → · · · → size(sl) → τ}, X2)

Since Γ′{xs1 : size(s1), . . . , xsl
: size(sl)} satisfies the condition for Γ ` X1 : τ1,

by the induction hypothesis Range(Γ′; {size(s1), . . . , size(sl)}) ` M1 : τ1. Since
(∗σ) = ∀t1 . . . tn. size(s1) → . . . → size(sl) → τ1, Γ′{x : ∀t1 . . . tn.size(s1) → · · · →
size(sl) → τ} satisfies the condition for Γ; {x : σ} ` X2 : τ2. Then by the induction
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hypothesis Range(Γ′; {∀t1 . . . tn. size(s1) → . . . → size(sl) → τ1}) ` M2 : τ2. Now
suppose M = C(Γ′, let x : σ = X1 in X2). Then M = letα λ1 . . . λ1︸ ︷︷ ︸

l

.M1 in M2 where

α = |∀t1 . . . tn.size(s1) → . . . → size(sl) → τ1| if it is defined, otherwise ∀t1 . . . tn.τ1

is a type variable s and α = ACC(xs, Γ′). In this case, (xs : size(s)) ∈ Γ′ by the
condition on Γ′. The desired conclusion then follows by the typing rule.

Using this property of the algorithm C, we prove the theorem by induction on the
length of the declaration. The basis is trivial.

Let the given declaration be of the form ` (B; val x : ∀t1 . . . tn. τ = X) :
(Γ;∀t1 . . . tn. τ). Then ` B : Γ, Γ ` X : τ , and ∀t1 . . . tn. τ = Clos(Γ, τ). Let
(Γ′, D) = Comp(B). By the induction hypothesis, ` D : Range(Γ′) and Γ′ = (Γ)∗.
Let {s1, . . . , sl} = {s|s ∈ {t1, . . . , tn}}. Since Γ is closed, {t1, . . . , tn} = FTV (τ).
Then since B; val x : ∀t1 . . . tn. τ = X does not contain vacuous type variables,
Γ′{xs1 : size(s1), . . . , xsl

: size(sl)} satisfies the condition of proposition we have
just proved for Γ ` X : τ . Therefore C(Γ′{xs1 : size(s1), . . . , xsl

: size(sl)}, X) =
M such that Range(Γ′{xs1 : size(s1), . . . , xsl

: size(sl)}) ` M : τ . Then the algo-
rithm for B; val x : ∀t1 . . . tn.τ = X succeeds with (Γ′; {x : ∀t1 . . . tn.size(s1) →
· · · → size(sl) → τ}, D;λ1 . . . λ1︸ ︷︷ ︸

l

. M). By the typing rule,

Range(Γ′) ` λ1 . . . λ1︸ ︷︷ ︸
l

. M : size(s1) → · · · → size(sl) → τ

Since Γ is closed, Clos(Γ′, size(s1) → · · · → size(sl) → τ) = ∀t1 . . . tn.size(s1) →
· · · → size(sl) → τ . Then we have

` D; λ1 . . . λ1︸ ︷︷ ︸
l

. M : Range(Γ′{x : ∀t1 . . . tn.size(s1) → · · · → size(sl) → τ})

as desired.

Since τ∗ = τ for any ground monotype, this theorem guarantees that the trans-
lation preserves all the monotypes of declarations. By combining the soundness
theorem (Theorem 1) and the definition of evaluation of declaration, we have the
following desirable property.

Corollary 2 Let ` B : (Γ; {x : σ}) be a well formed declaration of the explicitly
typed Core ML containing no vacuous type variable. Then Comp(B) = ((Γ′; {x :
σ′}), D) such that (Γ; {x : σ})∗ = Γ′; {x : σ′} and if D ⇓ v then |= v : σ′.

Since the type inference algorithm always produces a declaration containing no
vacuous type variable, this implies the following desirable property.



32 A. OHORI AND T. TAKAMIZAWA

Corollary 3 Core ML type system is sound with respect to the operational se-
mantics realized by the combination of the translation and the operational semantics
of the polymorphic unboxed calculus.

We end this section by showing some examples of translation. The first is a simple
polymorphic declaration.

{val twice = λx.λf.f(f x)} : {twice : ∀s.s → (s → s) → s}
which is compiled into the following declaration in the polymorphic unboxed cal-
culus:

{λ1.λdacc(0).λ1.(iacc(3) (iacc(3) dacc(1)))} : {∀s.size(s) → s → (s → s) → s}
The next one involves size applications. Consider the following declaration:

{val twice = λx.λf.f(f x); val it = twice 3.14 (λx.x)}
This is converted into the following declaration of the explicitly typed calculus:

{ val twice : ∀s. s → (s → s) → s = λx : s.λf : s → s.f(f x) ;
val it : real = (twice real) 3.14 λx : real.x }

This is translated into the the unboxed calculus as follows:

{λ1.λdacc(0).λ1.(iacc(3) (iacc(3) dacc(1))); dacc(0) 2 3.14 (λ2.dacc(1))}
: {∀s.size(s) → s → (s → s) → s; real}

When this declaration is evaluated, it produces the expected result.

5. Further Refinements

There are a number of ways to refine the polymorphic unboxed calculus and the
compilation method presented in this paper. In this section, we discuss some of
them.

5.1. Recursive data types and other type constructors

The described method can be easily extended to ML-style recursive data types.
The only necessary assumption is that the size of each top-level type constructor
in a recursive type is the same. Since the usual use of recursive types is to define
dynamic data structures such as lists or trees where each top-level constructor is
a pointer, this condition is naturally satisfied. Under this restriction, for example,
list type of the form
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datatype ’a list = nil | ’a * (’a list)

can be introduced without any problem. Note that in this type, pair constructor
(i.e. cons constructor) is required to be boxed while the component type ’a has its
natural representation. We can then have, for example, real list as a list contain-
ing unboxed real values, and those lists can be directly handled with polymorphic
functions such as fold without incurring boxing-unboxing coercion overhead.

5.2. Recursive functions

Recursive functions can be introduced by extending Core ML and the polymor-
phic unboxed calculus with fixed point constructors of the forms fix(f, x).M and
fixα.M , respectively. Their typing rules are given below.

Γ; {f : τ1 → τ2}; {x : τ1} ` M : τ2

Γ ` fix(f, x).M : τ1 → τ2

∆; τ1 → τ2; τ1 ` M : τ2 ∆ ` α : size(τ1)
∆ ` fixα.M : τ1 → τ2

By implementing canonical values of fix-closures representing fixα.M to have the
same size as ordinary closures, the operational semantics of the unboxed calculus
can be extended. More specifically, the operational semantics of the polymorphic
unboxed calculus can be extended with the following rules.

E,A, i ` α ⇓ k

E, A, i ` fixα. M ⇓ fix(k, E,A, i, M)

E1, A1, i1 ` M1 ⇓ fix(k, E2, A2, i2,M3)
E1, A1, i1 ` M2 ⇓ v1

E2; fix(k, E2, A2, i2,M3); v1, A2; i2; i2 + 1, i2 + 1 + k ` M3 ⇓ v2

E1, A1, i1 ` M1 M2 ⇓ v2

if |v1| = k

where fix(k, E,A, i, M) is a fix-closure. For this extended calculus, the type sound-
ness theorem can be proved by using the technique of [25] or [13]. Type inference
and compilation can be directly extended for fix construct without much difficulty.

5.3. More refined size information

One feature that has contributed to simplify the method presented here is that the
size of a given type is determined by its topmost type constructor. Because of this
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property we had only to insert size abstraction for each type variable s, since once
s is instantiated to some type, its size is statically computed. This assumption
no longer holds if we include some type constructors, such as an unboxed product,
whose size depends on the size of component types. One problem in allowing such a
type constructor is the treatment of polytypes. If we allow such type constructors,
then computation of the size of a type in compiling polymorphic functions may
require arithmetic operations. For example, consider the term

λx.λy.λf.f(x, y) : ∀t1.∀t2.∀t3.t1 → t2 → (t1 × t2 → t3) → t3

where (x, y) is assumed to be unboxed product whose size is the sum of the sizes
of x and y. In our approach, compilation of this term would require to treat
size(t1) + size(t2) as a type. It is an interesting future investigation to extend our
framework so that the set of types can contain not only atomic values but also an
algebra.

A simpler alternative approach is to restrict polytypes to be those ∀t1. . . . .∀tn.τ

such that the size of τ does not depend on instantiations of t1, . . . , tn. Except for a
few polymorphic constants, we believe that this condition is satisfied in most of the
cases. We can then obtain a simple and practical solution by placing this condition
on general polymorphic functions and handling those small number of constants in
a special way. Under this restriction, we believe that the method presented in this
paper can be extended to those type constructors in the following way. Instead
of coupling size abstractions with type variables, we maintain the set of types for
which size information is needed. To do this, we change the algorithm W so that
it infers an explicitly typed term X together with the set of types T whose size
information is needed for compiling X. Then at the time of translating a top level
declaration or a let binding, we insert a size abstraction of type size(τ) for each τ

in T that contains some type variables that are bound by the type scheme.

5.4. Preservation of the order of evaluation

To make our presentation simple, we have represented both of the ordinary func-
tion abstraction and the size abstraction by the same lambda abstraction. This
causes the problem of changing the order of evaluation of let bound values under
the usual call-by-value evaluation, since our translation algorithm may insert size
abstraction for let bound values. One way to solve this problem without making
any restrictions on polymorphic programs is to introduce a new term constructor,
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say µ.M , for size abstraction, and to change the operational semantics of the un-
boxed calculus in such a way that it evaluate inside of the size abstraction. The
interested reader is referred to [20], where this approach has been formalized in the
context of compiling a polymorphic record calculus, and it has shown that under
this strategy the compilation preserves the order of evaluation.

6. Related Works

This work was motivated by the work of Morrison et. al. [17] for an ad-hoc approach
to implement polymorphic function, and a method for mixed representation opti-
mization of Peyton Jones and Launchbury [22] and of Leroy [14] (see also [10, 24]
for further refinements.) As already mentioned in the introduction, the new contri-
bution of our work compared to these works is a method to specialize polymorphic
functions themselves without resorting to run-time type analysis. It does not re-
quire coercion functions between boxed and unboxed representations when using
polymorphic functions. Another advantage of our approach is that it works well
for bulk data types such as lists or trees.

In our method, we used size abstraction and size application to specialize poly-
morphic code for efficient execution. This idea and its technical development are
based on one of the authors’ work [20] of compiling polymorphic record calculus.
In a more general perspective, this method can be characterized as type dependent
specialization of polymorphic functions. In this perspective, our work shares the
same motivation as the paradigm of “intensional type analysis” [8, 9]. In their
framework, a polymorphic function is translated to a function that takes a type as
an extra parameter and performs type analysis of the actual argument at run-time.
This method is powerful enough to express a wide range of type dependent behavior.
It is, however, not immediately obvious whether or not type passing system con-
tributes to efficient implementation. For example, if a type is passed at run-time,
then the run-time system can certainly computes the offset of a field in a record,
but this strategy is equivalent to find the position of a label in a labeled record at
run-time and does not necessary contribute to efficient code. The important point
is to pass not a type itself but only those attributes of a type that are relevant
for efficient execution. Developing a systematic method to achieve this effect is
far from trivial. In the case of unboxed execution, the most relevant information
is the size of the type. The major technical contribution of the present paper is
to have established a systematic method to use this information in evaluating a
polymorphic function, i.e. an unboxed operational semantics.
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There are also several recent papers on efficient implementation of polymorphic
languages using explicit type information. Examples include tag-free garbage col-
lection [26] by translating a raw term to an explicitly typed second-order term,
specialization of Haskell type classes [27] using type information [6, 21], and list
representation optimization [5, 23]. Since program translations in all of these ap-
proaches and ours appear to share some general structure, a detailed comparison
among them may shed the light on better understanding of the general property of
a type inference approach to program specialization.

7. Conclusion and Implementation Consideration

We have presented an unboxed operational semantics for an ML-style polymorphic
programming language. We have first defined a polymorphic unboxed calculus as
an abstract machine for unboxed implementation of a polymorphic language, given
its formal operational semantics, and shown its type soundness. An important new
feature of this unboxed calculus is that it allows polymorphic functions to be evalu-
ated efficiently without using boxed representations nor run-time type information.
This has been achieved by the technique of representing a variable as an index that
corresponds to the actual offset to the value in a run-time environment containing
unboxed objects, and an abstraction mechanism over size information. We have
then given a translation algorithm from ML into the unboxed calculus, and have
shown that the translation preserves typings. Combined with the type soundness of
the unboxed calculus, these results establish the type soundness of ML with respect
to the operational semantics realized by the translation.

We believe that the unboxed semantics serves as a basis for more efficient com-
pilation of ML-style polymorphic languages. In the perspective of implementation,
there are two sources of run-time overhead of our method. The first is the extra
function applications to pass the necessary size information. This is done only when
a polymorphic function is instantiated. Since in a loop or recursion, a polymorphic
function has the same instance type and therefore the instantiation is done once
outside of the loop or recursion, we expect that this overhead is negligible. An-
other run-time overhead of our approach is that some variables (those of the form
iacc(n)) are accessed indirectly through an offset table. This indirection is neces-
sary only for those local lambda variables that are defined inside of a polymorphic
function whose argument size may vary. Accesses of predefined identifiers in an
environment or lambda variables that are not inside of a polymorphic function are
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compiled into directly accessible variables (of the form dacc(n)). So again we think
that this overhead is not significant.

In order to use the presented method in an actual optimizing compiler, it is
important to analyze the interaction between the method and various existing op-
timization techniques. As a future work, we would like to develop a compiler using
the presented method with other existing optimization techniques. Jointly with Oki
Electric Industry, we have started a compiler construction project for an ML-style
polymorphic programming language incorporating various advanced features such
as the unboxed semantics presented in this article and record polymorphism [20].
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