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Abstract

This paper develops a static type system equivalent to static single

assignment (SSA) form. In this type system, a type of a variable at
some program point represents the control flows from the assign-

ment statements that reach the program point. For this type sys-

tem, we show that a derivable typing of a program corresponds to
the program in SSA form. By this result, any SSA transformation

can be interpreted as a type inference process in our type system
By adopting a result on efficient SSA transformation, we develop
a type inference algorithm that reconstructs a type annotated cod
from a given code. These results provide a static alternative to SSA
based compiler optimization without performing code transforma-

tion. Since this process does not change the code, it does not in-

cur overhead due to insertion ¢f functions. Another advantage

of this type based approach is that it is not constrained to naming
mechanism of variables and can therefore be combined with other
static properties useful for compilation and code optimization such
as liveness information of variables. As an application, we express
optimizations as type-directed code transformations.

Categories and Subject DescriptorsD.3.1 [Programming Lan-
guage§ Formal Definitions and Theory; D.3.4Pfogramming
Languagef Processors—Optimization; F.3.Ldgics and Mean-
ings of Programp Specifying and Verifying and Reasoning about
Programs

General Terms Language, Theory

Keywords Static Single Assignment form, Type System, Com-
piler Optimization

1. Introduction

Static Single Assignme(®BSA) form [9, 1, 24] is an intermediate
representation in which the use-def relation on variables is explicit
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in the syntax of the code by guaranteeing that each variable is as-
sighed exactly once. This property significantly simplifies various
optimization process such as constant propagation, induction vari-
ables analysis, and dead code elimination. For example, in SSA
form, constant propagation for assignment ¢ can be performed
simply by substituting: for = without considering the scope of this
assignment. SSA form also makes optimization more efficient by
simplifying the def-use analysis. Due to these benefits, SSA form

is widely accepted as an intermediate representation for code opti-

emiza’[ion.

LO1:x = 0; LO1:x;,, = O;
LO2:y = 1; L02:yi,, = 1;
LO3:goto L11; LO3:goto L10;

L10:x1,, = ¢(Xigy »X131) 3
Lil:x = x + y; Lil:xy, = X150 + Viges
L12:if x goto L21; L12:if x;,, goto L21;
L13:goto L11; L13:goto L10;

L21:return x; L21:return x;,,;

Figure 1. A Simple Example of SSA Form

To take advantage of these benefits, a compiler needs to trans-
form an ordinary intermediate code into SSA form. This is done
by encoding the def-use relation in variable names. For a straight-
line program, this is simply done by introducing a new name for
each assignment of a variable and mechanically renaming all the
subsequent uses of the variable up to another assignment point. For
a branching program in which a use of a variable corresponds to
multiple assignments, yet another new name is introduced for each
join point and the joining assignments are recorded kyfanc-
tion. Figure 1 shows an example code and the corresponding SSA
program. The termp(x;,, ,x;,, ) denotesx;,, when the execution
comes from the preceding block (the statermigtg) and denotes
x1,, when the execution come from the backedge (the statement
L12).

As seen from the example, an assignment of the fesm=
¢(xiy 5. .., %4, ) isintroduced only to record the property that the
subsequent uses afrefer to multiple different definitions made at
locationi; troughi,,, and does not contribute to computation. This
pseudo instruction must therefore be eliminated after optimizations
are completed. However, this “reverse transformation” is a non
trivial task as shown in [5, 25], and some redundant instructions
may remain. We regard this an unfortunate consequence of the
ad-hoc encoding of static information in the names of variables
through the conventional SSA transformation. This encoding of
def-use relation also make it difficult to apply some optimizations
such as partial redundancy elimination. Kennedy et al. proposed
an algorithm to apply partial redundancy elimination in SSA form
[12], but the algorithm is much more complicated than the original
one [13].



The motivation of the present work is to develop a static type program point where the type variable is first introduced. This is
system that can serve as an alternative basis for SSA transformaneeded to avoid accidental name collisions in the choice of type
tion. As the term indicates, the property of a code that is made variables. The set of types is then given by the following syntax.
explicit by SSA transformation istatic and can therefore be re- .
garded as a static type of the code. The SSA transformation can To=d|l]g

then be repre_sented as atype inference process. Ba_sed on this gen- \ye set up a type system so that if a variablis given a type
;eral ogser\ggznt, we ?eflnet_a type S{f‘?”t] that Lsgzquwaltent to fSSAvariablapl andy' — {71,...,7,} € M, then the set of reaching
orm. Any [ranstormation can be interpreted as a type Inter- yainitions js represented by a (possibly infinite regular) tree com-
ence algorithm in our type system. By adopting a result on efficient posed of subtrees throughr,,. This is our type-based analogue of

SSA transformation, we develop a type inference algorithm that re- - ; ; 1
constructs the type annotated code from the given code. Since this¢ functions in the conventional SSA form: — {r1,..., 7} €

H !

process does not change the code, it does not incur overhead dud”. corrgsponds tg # functiona; = ¢($1’d' -+, Zn) Whereg" cor-
to insertion of¢ functions. The reverse transformation is a trivial If/z?;n S tar andry, ..., 7, correspond tary, ..., Zn, réspec-

rocess of erasin e information. Another advantage of this type ; ' .
Eased approach ?stillfat it is not constrained to namir?g mechat%zm We d‘?“'”e a type system for blocks as a proof system to derive
of variables and can therefore be combined with other static prop- a typing judgement of the form
erties useful for compilation and code optimization such as liveness M, LTHB
information of variables.

The rest of the paper is organized as follows. In Section 2, we whereT" is atype contexwhich is a function from a finite set of
explain our key ideas and introduce our type system. Section 3 Variables to types, and is alabel environmentvhich is a function
shows the relationship between our type system and SSA form. from a finite set of labels to type contextsdescribes the types of
Section 4 develops a type inference algorithm. In section 5 we ex- variables inB at the entry ofB. £ describes the type context of the
press typical optimizations as type-directed code transformations €ntry point of each block in the program. We wrlt¢z : 7} for
and show the feasibility of our framework by a prototype imple- the functionl'” such thatlom(I'") = dom(T') U {z}, I'(z) = 7

mentation. Section 6 states concluding remarks. andI”(y) = I'(y) foranyy € (dom(I') \ {z}). _
We adopt the idea underlying the logical interpretation of ma-

chine code [22, 23] and define the type system as a set of rules of

2. Type System the form
We consider an intermediate language with the following restric- M, LT B
tions: a basic block ends with an unconditional jump; a conditional M, L,ToFI;B

branch is followed by an unconditional jump. These restrictions . ) o
are introduced only to make the presentation simple. Our type sys-epresenting the fact that the static semantics isfto change the

tem should be applicable to various intermediate languages, as SSAStatic) status of the set of live variables framto T';. _
form can be. At an instruction that branches to some block labeled Withe

Let z,y, ... range over a given countably infinite set of vari- tyPe context’ at this instruction and thE’ at the target block must
ables and let range over a given set of atomic constants. Let  Satisfy the following conditions.

range over a given set dhbels The set of instructions (ranged  j The set of variables used in the target must be live at the source.
over byI), basic blocks (ranged over k&), and programs (ranged ) s )
over by P) are defined by the following syntax. 2. For each variable, the target type information must represents
the fact that the control flows from the source to the tatrgdB.
Ii=z=cloz=ylz=y+z|lz=a+y _ _ -~ _ _

Bie1:ret l:potol|1:if tol:l: gotol To precisely specify these conditions, we define the following rela-

n=1:returnz |l :gotol|l:if zgotol;l: gotol| tions on types and type contexts.

l:I;B
DEFINITION 1.

P:={l:B,...,l: B} ©

<7’ i iti .
We require that if : B € P for a programP then! is the label of * M7 < 7' ifone of the following conditions holds

H /

the first instruction ofB. i T,'.S i .

We observe that, for each use of a variable, the set of definitions "T ISy and7_- € M(p).
that reach the use of the variable forms a tree whose paths are °© MET € Toif
control flows from the definitions. We consider such a tree as a = dom(I'1) C dom(I'2), and
type For each definition, we introduce a unique atomic type. A = for eachz in dom(T'1), M = T2(z) <; i ().
definition is generated by an assignment statement or given as an
initial value through a live-in variable. The former is represented
by a label of the defining instruction. In order to represent the
latter, we introduce a countably infinite setd#finition constants
(ranged over byd). Labels and definition constants are atomic
types. Types are trees generated from those atomic types. To deal
with possibly infinite regular trees, we represent a treetyipe
variables(ranged over by') and an associated structure mapping
M that assigns each type variable to the set of its childpén—
{r1,...,7n} € M represents the fact that a type variableis
a tree node with the children,, ..., 7,. We write dom(M) for
the domain of the structure mappinig. We only consideclosed
structure mappings, i.e., if a type variahté appears inM then
@' € dom(M). The labell in a type variabley' indicates the M, LEA{ly:By,...,ln: Bn},

Using these definitions, the set of typing rules for blocks is given
in Figure 2. We note that a type variahté may be introduced to
satisfy sub conditions forType-If) and (Type-Goto). This corre-
sponds to the fact that functions are introduced at the entry of
& basic block in conventional SSA form. Also note that there is no
explicit rule to introduce a definition constant. A definition constant
is implicitly given to a variable in a type context. Here we assume
the following convention. A definition constant has been given to a
variable in a type context if there is no typing constraint associated
with that type. It is easily checked that such case occurs only for
live-in variables in the entry block of a program.

A type judgment for a program is of the form:



Type-Ret
M, L,T{x: 7} 1:returnzx (Typ )

M, L,T{z: 1} F B
M, LTHI:x=¢B

(Type-Const)

M, LT{z:l,y:7} B
M, LT{y:7}Hl:2=y; B

(Type-Mov)

M, LT{x:l,y:11,2: 2} F B
M, LT{y:m,z:}Fl:z2=y+2B

(Type-Assign-])

M, LT{x:l,y: 2} B
M, LTz :m,y:m}Fl:e=x+y;B

(Type-Assign-2

M, L,T{x:7} B
M, LT{z:7}+1:if zgotol'; B

(Type-If)

(if £(I') =T'suchthatM T’ €, T{z: 7}.)

M, L,TF1:gotol (Type-Goto)

(it £(I') =T'suchthatM T’ e, I'.)

Figure 2. The Typing Rules for Blocks

M, LEA{l1:B1,...,ln: By}

(Type-Prog)

Figure 3. The Typing Rule for a Program

whose typing rule is given in Figure 3. The mechanismTgfpe-

3. Relationship to SSA Transformation

Let us first analyze the relationship between typing derivations and
SSA programs. Figure 5 shows the sequence of instructions of the
example program with the inferred type contexts, and the corre-
sponding SSA program. From this, we see that a new type variable
¢! is introduced at the program point wherepaunction is in-
serted in the corresponding SSA program. Although this relation-
ship might appear obvious, to formally establish this relationship
requires a certain amount of technical development. This is mainly
due to the fact that the properties of SSA form itself is rather in-
volved. In this section, we review the notion of SSA form, intro-
duce a series of technical definitions, and establish the above rela-
tionship.

SSA form can be defined declaratively as follows.

A program is in SSA form if each of its variables is defined
exactly once, and each use of a variable is dominated by the
variable’s definition.

This “definition” only specifies the property that SSA programs
must satisfy. A constructive definition that can be used for program
optimization is obtained by giving an SSA transformation that in-
sertsy functions at those program points where different definitions
for the same variable merge. There can be more than one such def-
initions, which differ in their strategies af function insertion.

Our type system is designed so that it precisely represents the
class of SSA forms that satisfy the above declarative definition
under the interpretation that each occurrence of a variabie
regarded as a variable® decorated with its type. This desired
property is shown by establishing the following two properties.

1. Any decorated variable” has exactly one definition identified
by the typer.

2. Each use of a decorated variabfeis dominated by the unique
program point that generates the type

Since each assignment always introduce a new type either identified
by the label of the assignment or a new type variable, the first
property is obvious. To formally establish the second property, we
introduce some notions that are our type-theoretical analogues of
domination relations.

The type ofz divides the code into regions in such a way that if
'+ Bandl” - B’ are two typings in the code ait{z) = I''(z),
then the entry points o and B’ are in the same region. We let
R(7) be the set of labels of the region identified-hy

DEFINITION 2. Assume thatm, L+ {l1 : B1,...,ln : Bx}. The
type region set for a type of z, R, (7, x), is the following set:

Rme(r,z)={l | Ir3BM,L,T+1:Bandz: 7€}

We write R(7, z) instead ofR v, - (7, z) if it is clear from context.

Prog) is the same as the typing rules for mutually recursive function R(r,z) corresponds to the set of labels of basic blocks which are

definitions. dominatedby an assignment(s) torepresented by. Using these
Figure 4 shows the typing derivation of the example program definitions, we can then show the following property.

in Figure 1, which shows the structure mapping, the label environ-

ment, the type derivations for three basic blocks inside the example LEMMA 1. Assume that, £ + P.

program, and type constraints associated to branching instructions. o ¢ l; € R(l,z), then! : B dominates; : B;.
We note that the type system so far defined is a proof system ll_ R N then! - B dominat lg. ZB

that describes the required relationship between the type contexts i € R(¢', x), thenl : ominates; : 5;.

I'; andI; before and after the execution of each instruction with  proof. We consider the case € R(l,z). The case foi; €

respect to the given structure mappingt} and label environment R(¢', z) is similar. By the typing rulel; € R(l,z) indicates that
(£). In order to use this type system for static analysis of a code, We there is a path fronh : Btol; : B;. If | = I;, the required result

need to construcMt and. for the code and’ for each instruction  o|qs by the definition of the dominance relation. Otherwise, the
step. In Section 4, we shall give one such type inference algorithm type derivation ofB; must be of the form:

after we establish the relationship between this type system and

SSA transformation, to which we now turn. M, L,T{x: 1} 1 : B;.



The structure mapping:

M = {" = {lor, 111 }}

The label environment:
L£={Lo1:0, L11: {z: o',
Basic block typings:

(1)

M, L, {x :lo1,y : lo2} F LO3: goto L11

y:loo}, L21: {x: l11}}

LOL: “Aq £, {x :ln} F LO2: y=1;goto L1t
M, L, 0+ L01:x=0;y=1;goto L11
: . 5 (2)
M, L {x : 111,y : lo2} F L13: goto L11
L11:

M, L, {x: 111,y : lo2} FL12: if x goto L21;goto

3)

L11

M, L {x: "ty lpa} F L11: x=x+y;if x goto L21;goto Li1

L21: M, L, {x : 11} F L21: returnx

with the following constraints associated to branching instructions (

1) through (3):

ME{z: "y lo2} €y {z o,y oo} (1)
MEA{z: 0"y loe} €y, {x: i,y loa} (2)
MEA{z: L1,y lo2} €y, {2 i,y lo2} (3)

Figure 4. Example of

M, LD LOl: x = 0;
M, LAz :loi} - LO2: =1;
M, L {x: 11,y :lo2} F L03: goto L11;

M, LAz oy} b L1l: x = x + y;
M, L {x:li1,y:lo2} B L12:  if x goto L21;
M, L {x: i1,y :lo2} F L13: goto L11;

M, L {z: 111} F L21: return x;

Typing Derivation

LO1: Xig; = 03

L02: Vigs = 1;

LO3: goto L10;

L10: Xl = (b(xlm 1X111);
L11: Xy = Xy + Vigss
L12: if x;,, goto L21;
L13: goto L10;

L21: return x,,;

Figure 5. SSA Typing and the corresponding SSA form

For this type derivation, all type derivations for instructions of
the formgoto [; andif y goto [; must be either of the form:

M, LT {z: I} F B
M,E,Fl{a: : l} = l1

Type-If
:if y goto l;; B (Type-If)

or
(If ,C(ll) =TIy such thatM + T Cy; F1{£Ij : l})

M, L, To{z: 1} Flz:gotol; (Type GOtO),
(If E(ll) =T such thatM + T'; Gy, Fg{x : l})
whereI'; = T'{z : [}, because otherwise the sub conditions
MET; €, T'i{z : I} and M F T'; €, T2{x : I} can not
be satisfied. Therefore, all predecessors af(inx). This implies
that all paths to predecessorsipf: B; passl : B. Hence/l : B
dominated; : B;. O

To conclude our proof of the property 2, suppose that there is a
use of a variable andz is typed withr at some label. 7 is either
I’ or " for some label’. Then by the definition of?, I € R(r, z)
and thereforé’ dominates the use site Aas desired.

We have established that our type system is equivalent to the
declarative notion of SSA form. As we have noted earlier, however,
the declarative definition does not yield any constructive algorithm.
As such, the above correspondence alone is of limited interests in

practice. The real value of SSA form is the existence of an efficient
algorithm that transforms any program into one that satisfies the
SSA property. In order for our type system to serve as a static al-
ternative to SSA form, it is essential to establish that our type sys-
tem can also represent a practical SSA transformation algorithm.
Here we base our development on the standard SSA transformation
algorithm presented in [9]. We believe that our type system is ex-
pressive enough to represent most of the other algorithms (we shall
comment on this later in Section 7.)

Our goal now is to set up a proper restriction on our type system
so that a derivable typing of a program corresponds to the result
of the SSA transformation of the program by the algorithm of
Cytron et al. The first simple restriction we impose is to require
the stronger property afom(T’) = dom(T") for item 1 in the
Definition 1. This restriction corresponds to theplacement of
Cytron et al's algorithm, in which dead assignments may be
inserted.

In addition to this, our type system only requires that for each
branching instruction, the target type of a variable must be greater
with the source type, respect to the relation As a result, a typ-
ing derivation may contain unrelated label constants in the asso-
ciated structure mapping. For example, the typing derivation ob-
tained from the one shown in Figure 4 by inserting some unre-
lated label constaritto the structure mapping of the forgi'* —

{lo1, 11,1} remains to be a valid typing. Also, a cycle in a structure



mapping may contain redundant types. For example, in Figure 6, program Pss 4. Moreover, for each corresponding andz; (1 <
M, L, T{z: o'} F1: Bwhereg' — {¢' 11} € Mis derivable. i < n),if ; = I, then there is the assignment4pin Pssa not
However, the derivation should be of the foret, £, T{x : 11} + by a¢ assignment, or if; = ', then there is the assignment to
[ : B (this is the case when one of the dominance frontiers of a x;, by theg function inPss .

basic block is itself.
) Proof. We use the merge relation introduced in [4], whose detailed

definition is given in Appendix A.
AssumethatM, £, T{z : o'} F 1 : Bandy' — {ri,...
M. We distinguish two cases.

T} €
L1: X=..;
e The case where a definition constaris in {71, ..., 7, }. Itis
enough to consider the simplest cagkis mapped tddy, 1}
for somed; andl;. By the minimality requirement, there must
be some derivation of the form:
M, LT {x: 7} FIi:goto I
B or
M, L, To{x: 5} F15:if y goto I; B,

L |

wherer; andt; are eitherd; orl;.
The proof uses the following.

Figure 6. A Typical Example

To eliminate the flexibility exhibited in the above analyzes and
to constrain the type system in such a way that it only derives
those typings that correspond to SSA programs, we introduce a
minimality conditionto our type system.

Since insertion ofp functions is done for each variable sepa-

LEMMA 2.1: B € J{Entry,l; : B1}).

Proof. By Lemma 1, all the predecessor blocks are dominated
by eitheriy : By or Entry node. AlsoR(l1) and R(d1)
are disjoint sets, thus predecessorshii,) and R(d,) only

rately, in the subsequent development we fix one variabéand
only consider typing forc. By this conventionR(r, z) is simply
written asR().

For a type substitutiortt = [11/¢1,..
dom(S) for {p1,...
substitutionS is applied to a structure aS({r,..
{S(r1),. ., S(Ta)}-

DEFINITION 3. M1, £1 F P is smaller thanM, L, F P if there
is an injection map : dom(M:) — dom(M3) and a substitution

s Tn/¢n], We write
,pnt and range(S) for {m,...,m}. A
S Tn}) =

intersect at : B. Thereford : B € J({Entry,l; : B:}). 0O
From this lemma] : B € Merge(l; : Bp) and there is an
M-pathly : By =~ 1 : B.By Theorem 4] : B € DF*, hence
there is ap functionz = ¢(zo, 1) inl : B>", wherex is the
initial value. Clearly the assignment g, exists inl; : B}>".

The case wheréri, ..., ,} does not containl. Because of
the minimality requirement, to derivét, £, T'{z : o'} -1 : B
(where ! +— {71,..., 7} € M), there must exist some

S such thatdom(S) = dom(M.), range(S) C dom(M;i) U derivation of the form:

{l17l2, .. } U {dhdg, .. .}, andMl((p) - S(MQ(Z(QO))) for any

¢ € M. M, LTy {x:mp, 1y :goto |
We set up several definitions for SSA form. LB{sx be the or

SSA-transformed intermediate code Bfby the algorithm of [9].

The syntax is given as follows. The subscript label of a variable ML D@ Too } = s

indicates the places where the value is assigned.

1if y goto ;B

Ii=x=clom=y|la=yt+ala=x+u wherer,, andr,, are included in{r, ..., 7.}
|z = (i, ..., 21) Let {l1,...,l,} be the set of labels of basic blocks where
SSA .. . . T1,...,Tn are introduced. We argue that there is at least one
B n=1l:returnz; |l : gotol

M path from one of; : Bi,...,l, : B, tol : B. Other-
wise the immediate dominator &f: B appears in all paths
fromiy : By,...,l, : B,tol : B. Letl’ : B be the im-
mediate dominatorl’ : B’ dominates! : B thus all paths

|1:if z; gotol;l: gotol|l: I; B>"
Pssp = {1 : B ... 1: B}

For a code, reaching tol : B passl’ : B’. BecauseR(r1),..., R(Tn)
T ) . are disjoint sets, all blocks froMl : B’ tol : B are notin
P={b:Bi,l2: By, b B}, R(m1),..., R(m). Therefore, the predecessord ofB are not
the corresponding SSA program is written as follows: in R(t1),...,R(m»), which is a contradiction. By Theorem 4,
. +
Pssa = {l1 : B 1o - BE*, ... 1, : B} l:B e DI .
If some of {r1,...,7.} are of the formy,*, by the same

The following theorem establishes that any minimal typing cor-

argument, there exists thg function inl; : B>* in Pssa
responds to an SSA program.

for suchr;. Therefore we can place @& function of the form
x = ¢(x1,...,z,)inl : BP>" which satisfies the requirements

THEOREM 1. Assume that there is a minimal typiog(, £ - P. ;
with 71, ..., 7,.0

If there is a block typing of the form, £, T{z : ©'} -1 : B
in M, £ + P such thaty! — {r,...,7.} € M, then there is

] Lyl We state the direction from SSA form to our type system.
a ¢ functionz = ¢(z1,...,2,)in B of the SSA translated



THEOREM2. For an SSA progranPssa transformed by Cytron
et al’'s algorithm, there exists a minimal typing for the original
program P: M, £ + P such that ift; = ¢(ziy,...,2,) iSin
B then M, L, T{z : ¢'} + 1 : B is derivable for some
andI" in the minimal typing. Moreover, for eadh : B; (1 <

i <n), M,L,Ti{x : ~} F 1 : B; for somel'; wherep'
{1,...,7n} € M andr; is of the formy'i if the assignment to;

is by theg function (otherwise; is either of the formi; or I;.)

A proof sketch is as follows.
From a given SSA program, we construct a typing derivation in
the following two steps.

1. Reconstructing label environment. For eaa@ssignment of the
formz = ¢(z1,...,x,) in a basic block : B%*, we put a
type assignment of the form : ¢! (¢ is a fresh type variable)
in the type context of : B. For each type variablg!, from the
next instruction, we put : ¢ in the type contexts successively
until there is an assignment instructions of the féfmz = . . .

(we putz : ¢ in the type context foi’ : B’), or in a type
context,z is already given a type variable. For each assignment
of the formsi : x = ..., from the next instruction, we put type
assignments of the form : [ in the type contexts successively
until there is an assignment instructions,zois already given

a type variable. After these steps, if there is a type context in
which a variable is not given a type yet, we give a definition
constant to the variable.

. Reconstructing structure mapping. For eaéhintroduced in
item 1, we reconstruct its tree structure as followso'lcorre-
sponds to thep assignment of the form = ¢(z1,...,zm),
we addy’ — {r1,...,7m} to the structure mapping where
{m1,...,™m} corresponds tz1, ..., Tm}.

We check that this reconstruction follows the typing rules. For
the inside of a basic block, it is easy to see that the succes-
sive placement of types followgType-Const), (Type-Mov),
(Type-Assign-1) and (Type-Assign-2. At the entry of a basic
block! : B, for each variable, the type derivations must satisfy the
condition of Definition 1:M F 7 <; 7’ if one of the following
conditions holds.

1. rist.
2.7 is ' andr € M(p).

If = is given a label typé’ (or a type variableol{) in the type
context ofl : B, this placement is only possible by successively
placing a type from where it is first placed. Therefore, typesifor
in the type contexts of all the predecessor instructionsl’a(r,eﬁ').
Thus condition is satisfied by the item 1alfs given a type variable
¢!, clearly the condition is satisfied by the item 2.

Next, we check that this typing derivations satisfies the mini-
mality condition according to Definition 3.

Let M, L I P is the reconstructed type derivation. Assume that
there is another type derivatiom’, £’ ~ P where M’, L' - P
is smaller thanM, £ + P i.e., there is an injection map :
dom(M') — dom(M) and a substitutio such thatdom(S) =
dom(M), range(S) C dom(M')U {l1,l2,...} U{d1,d2,...},
and M’ (¢") € S(M(i(¢"))) foranyy’ € M.

Note that the numbers of type variables M and M’ are
equal. If M has more type variables thai’ has, there is a
basic block for which a type variable is redundantid, £ +
P. However, it can not happen. The type variable is introduced
where thep assignment is placed iRss 4, i.e., dominance frontier.
Therefore different definitions merge at the basic block, thus the
type variable is not redundant. This implies that the injection map
i is a bijection. Then, the substitutidhneeds to substitute ()

for eachy € M, thus S is also a bijection betweedom (M)

and dom(M’). We check the inclusion constraiott’(¢') C
S(M(i(¢"))). Because the structures 8#t exactly corresponds

to arguments o functions inPss 4, clearly each type variable is
mapped to the least structure. Therefore the inclusion constraint is
satisfied by the equality. Henc#/{ is a minimal structure mapping.

4. Type Inference Algorithm

In the previous section we have proved that our type system is
equivalent to SSA form. Therefore, the type inference algorithm
exactly corresponds to SSA transformation algorithms. In this sec-
tion we develop an inference algorithm based on conventional SSA
transformation algorithms.

The first efficient algorithm for computing where to plage
functions is introduced by Cytron et al [9]. Several efficient algo-
rithms have been proposed since the publication of [9]. Bilardi and
Pingari [4] introduced the merge relation (See appendix A) and pro-
posed efficient algorithms. In this section we introduce a type in-
ference algorithm based on the most recent algorithm [10], which
uses the merge relation. For details refer to the paper [10].

In the following development, we regard each instruction as
a node in the control flow graph. We denote a progrBmas
P=A{l:1,...,l,:I,} wherel; : I, is the entry point. This is
a typical representation for SSA transformation algorithms. In this
setting, the type inference algorithm infers the structure mapping
and label environment for a given program.

4.1 Computing merge sets

The algorithm of [10] first computes the merge sets for all nodes.
We show the algorithm in Figure 7. In the algorithm Bé graph

is used. The DJ graph of a program is the graph that consists of
the dominator tree with edges (called J edges)y> d wheres

is not the immediate dominator of Taking theD.J graph of a
program P as its input, the algorithm returns the merge set. It
is recursively executed until the flagequireAnotherPasis to be
False In the algorithm/evel(node) denotes the level of the node

at the dominator tree (the root node has Ié)el

4.2 Placing type variables

In the previous subsection the Merge sets for each node in the
control flow graph are computed. If a node is in the merge set of
a node, then a type variable (i.e¢dunction) needs to be inserted.
The algorithm to place type variables is shown in Fig.8. In the
algorithm the following special type contexts are exploited. One
isTq = {z : d,y : d,...} for the set of variablez,y,...}

of P. This type context is for the entry block. At the entry block,
all variables have their initial values and they are represented by
definition constantg. Anotherisl"; = {«x : L,y : L,...} for
{z,y,...}. z : L indicates that the type af is still not inferred

in the type context. In this step only labeled type variables are
inferred. The types for variables which are givénare inferred

in the next step.

4.3

After type variables (i.ep functions) are inserted, we construct the
structure mapping and label environment. We need to determine
which definitions come into the program point where type vari-
ables are inserted. This is done by conventional reaching definition
analysis. We adopt a classical method to solve reaching definition
equations known a3/ F' P (for Maximal Fixed Paint) [21] solu-
tion for our type inference algorithm. The algorithm is shown in
Figure 9. In the algorithm, the following transfer functidi (7)

is exploited. '

Inferring structure mapping and label environment



Merge(DJ) =

RequireAnotherPass = False
while (in Breadth First Orderjio
Let n =NextNode in the BFO list
for (all incoming edges ta) do
Let e =Incoming edge
if (e is a J-edge\ e not visited )then
Visit(e)
Let snode = Source Node of
Let tnode = Target Node ot
Lettmp = snode
Let Inode=NULL
while (level(tmp) < level(tnode)) do
Merge(tmp) = Merge(tmp)
UMerge(tnode) U {tnode}
Inode = tmp
tmp = parent(tmp) // dominator tree parent
end while
for (all incoming edges tdnode) do
Il Inode ancestor oknode
Lete’ =Incoming edge
if (¢’ is a J-edge\ €’ visited)then
Let snode’ = Source Node of’
if (Merge(snode’) 2 Merge(lnode)) then
RequireAnotherPass=True
end if
end if
end for
end if
end for
end while
return (RequireAnotherPass, Mergeset)

Figure 7. An Algorithm to Compute Merge Sets

PhiPlacement(Merge) =

{

[,:{h :Fd,lQ:FJ_,..‘7l":FJ_}

for (every assignment nodeof the forma = v in P) do
for (every node: in Merge(n)) do
L={l:T1,.. lk:Te{z: %} .. .l
end for

end for

returnL

}

'} (e fresh)

Figure 8. An Algorithm to Place Type Variables

elfl:x=cl:x=y,l:x=y+z0rl:x=x+z2IiSinP.
Thentf p(1) = 1.

e Otherwiset] p(7) =7

The correctness of the type inference algorithm corresponds to the
correctness of the SSA transformation algorithm [10] and that o

MFP algorithm [21].

5. Compiler Optimizations as Type-directed
Code Transformations

Infer(P) =

{

Merge = Merge(DJp)

L = PhiPlacement(Merge)

M={p1—={}....om—{}}
whereyps, . .., . appearinl
(V,E)=CFGp

W=nil

forall (1,1") in E doW = cons((,1"), W)
while work-list W is not emptydo
Remove nod¢l,,, [) from W;
foreachz € dom(L(1)) do
case 1£(1)(z )_dorﬁ()( y=1:{}
case 2£(1)(x) = ¢} : {}
(z
(z

case 3L(1)(x) = J- {E( )(@) = ti, p(L(p)(2))}

case 4L(l)(x) =
case 4.7 p(L(ly)(x)) = L+ {)
case 4.tf p(L(L,)(z) =" : {}

case 4.0therwise:{ If ' — {,...,} e M,
updateM asg' — {,..., 15, p(L(L,)(x))} € M}
end for
if case 3 is taken:
for all I’ with (1,1") in E doW = cons(W, (1,1))
end while
return(M, L)

Figure 9. An Algorithm to Reconstruct Structure Mapping and
Label Environment

ical optimizations. Second, we implement a prototype of the type
inference algorithm developed in Section 4. Then we implement
optimizations in the prototype, and check the practical benefits of
our framework.

Itis known that representing compiler optimizations in a formal
way is a hard task. There have been many previous works on the
task. For example, Lacey et al [14] used temporal logic to specify
the conditions for applying a compiler optimization. For example,
dead code elimination is defined as follows.

x:=e=> skip if AX —E(trueU use(z)).

This rule intuitively says that an assignment= e in the control
graph can be rewritten to a skip instruction if in all paths from=
e, there is no use af. Also Benton [3] exploited Hoare logic and
defined a type system which ensures partial equivalence relation
between the source and optimized codes. However, currently SSA
form has not been widely used in the literature, although SSA
form makes many program analyses simple. It seems this is due
to the fact that data dependence analyses such as SSA form are
difficult to be expressed in a formal framework such as temporal
logic or Hoare logic. In SSA form, there has not been well accepted
semantics o functions, and dynamic semantics of SSA form has
not been well defined in the literature.

In our type system, we lift SSA information to types. This

£ avoids such subtle issues discussed above. In this section we ex-

press dead code elimination and common subexpression as type-
directed code transformations in the following form:

P =P (if U),

where P and P’ are the codes before and after applying the opti-

In this section we test the feasibility of our type system. First we mization, respectivelyl denotes the condition to apply the opti-
show that our type system is expressive enough to represent typ-mization, where?l is represented by type information.



5.1 Dead Code Elimination the value represented by is derived from the predecessor block

To apply dead code elimination, liveness analysis (which variables ! : Bi- This labelling is easily obtained by extending the relation

are used in conditional jumps and the return instructions) is re- in Definition 1 as: ;- . .

quired. In our framework, liveness analysis is easily incorporated 1 = 7 <(..1;) 7" if one of the following conditions holds.

with the typing rules. First, we introdudke live seflI as the set of e risT’.

labels of assignment instructions to live variables. We incorporate

liveness analysis into type derivation in the following way.
(M,L,TF B):TI, and then the sub cgnditions forype-If) and (I'ype,-Goto) are

replaced withM T ey T'{z : 7} and M - TV €y T,

wherell denotes the set of labels of live variables at the program respectively. This labeling is needed because the information where

point immediately after3. Figure 10 shows typing rules incorpo-  a value comes from is essential for value equivalence problem.

rated with liveness analysis. In Figure 10, a functitat, for A value type tree/T% () in a type derivationM, £ - P is

a structure mapping\U is used.flatyq flattens the tree structure  defined as follows.

of type variables. In SSA form, algorithms for dead code elimi-

nation become efficient because there is only one definition fora * 7 = d. ThenVT (1) = (d).

variable. In our framework, the same effect is obtainediby er=landAp - M,L,TF1:2=c B. ThenVTr(r) =

which derives all possible definitions without further flow analysis. (c).

flats(7) is defined as: er =landAp F M, L,T{y : m} F 1 : 2z = y; B. Then

e 7 is Lplf andl, : 7 € M(@lt),

e flatp((d) = {d} andflatp (1) = {i}. VTi(r) = VIE ().
o flatpm(p) = flatm(r) U ... U flatam(7n), whereyp +— er=landAp - M, L,T{y: 1,z : e}l 2 =y+ 2B
{m1,..., 7™} € M. (same as for the cage= z + y).
Based on the liveness analysis, we express dead code elimi- VT () = (+)
nation as a typed code transformation rule for a given program RN
P. We denote whole type derivations with liveness analysis for a b ,
program P asA. If (M, £, T + B) : Il is in A, we denote VTm(m) VT(12).

AR+ (M, L,TF B) :II. The rule is as follows.
P[l: x = v; B = P|[l : skip; B|

it ALF (M, LT{z:}FB): I ALgI o 7= wherep' — {li: 71, ln i T} € M.
P )~ . . .

V() = (1)
. _— . . o SN
This rule intuitively says that if there exists a type derivation with P I
liveness analysis as L VIu(r) oo ot V(7).
M, L,T{z:1}-B): I
M, LTl 2z=v;B): 1 We denoteAp + VT = VT if two value type treed/T; and

in Ap and! is not inII (i.e., the value ofz assigned in the V7% have the same tree structure in the type derivafign This
instruction labeled is dead), then we can replace the instruction corresponds to the notion of congruence defined in [1].
with a skip instruction. We express common subexpression elimination as a typed code
transformation as follows.
Pll:x=y+2z;B] = P[l:z =w;B]
if Ap(M,L,T{y:m,z:}Fl:z=y+ 2 B)

AJw: 73 € D.Ap F VT (73) & (+ VT (1) VTag(72)).

The problem of determining whether two value type trees have
the same tree structure can be solved by well known partitioning
algorithms [1].

5.2 Common Subexpression Elimination

Common subexpression elimination replaces an expression with
more simple expression. For example, in the following program:

W=...

x=y+z (*¥) -> x=w

, if the value ofw andy+z are equal immediately before), then ) )

we can replace the instructiatry+z with x=w. As in this exam- 5.3 Prototype implementation

ple, common subexpression elimination is based on value equiva-We have implemented a prototype of the inference algorithm de-
lence among variables. Two variables are said to be equivalent at aveloped in Section 4 using SML/NJ and tested the feasibility of our
program poinfp if those variables contain the same values when- framework. A functionINFER reconstructs the structure mapping
ever control reacheg during any possible execution of the pro-  and type contexts for all instructions in an input program. Figure
gram. For the value equivalence problem, SSA form is very appli- 11 shows the simple program of Figure 1 and the outpaNgE&R.

cable [1]. Alpern et al [1] exploited SSA form and introducedue I the prototype implementation, a program is defined as a list of
graph(also known as SSA graph [8]) for each variable. In [1], itis pairs of a label and an instruction. A label is defined by an ML
proved that if the value graphs of two variables esegruentthen datatype constructdt. A variable is defined by a constructur

they contain the same value in a program point. In this paper we Types are implemented as an ML tyg&Atype which consists of
introducethe value type treéor each variable which corresponds  definition constantsd), label typest), and type variablesPhi).

to value graph. To introduce value type trees, we extend structure Type variables are identified by the annotated label and the assigned
mapping as type variables are mapped to the set of labelled types ofvariable.

the forme’ v+ {l1 : 71,...,1n : T} where{ls, ..., 1, } are the la- By exploiting reconstructed type information, we have imple-
bels of predecessor blocksbf B.1; : 7: € M(¢') indicates that mented prototype compiler optimizations introduced in the previ-



(M, L,T{z: 7} F returnz) : flatpq (7

M, L,T{z:l,y: 7} B): 11

M, L,T{z: 1} B):II
) (M,L,THI:z=¢B): 10
M, L,T{z:Ly:7}FB):1I

M, L,T{y:7}Fl:z=y;B):1I (¢ 1) M, L,T{y: 7} 1l:2=y;B) : I Uflatp((7) (et
(M, L,T{z:l,y:T2,2z: 73} F B) : II (g M, L,T{z:l,y:7o,2: 73} F B) : II (em
M, LT{y:1,z:m}Fl:c=y+2B):II M, LT z{y 1, z: e} Fl:z=y+ 2 B) : IIUflatpg(11) U flat pq (72)
M, L,T{z:ly: 2} B):1I (g M, L,T{z:l,y: =} B):1II (em
M, LT{z:1,y:=}Fl:a=a+y;B):1I M, L,T{z:1,y: o} l:x =2+ y;B) : HUflatpg(71) U flatpq(72)
(M, L,T{z: 7} B): 11

M, L,T{z: 7} 1:if x gotol/; B) : I U flat pq(7)

(if AU - (M, L, TV U . I'; B") : T such thal” € T'{x : 7} andIl’ C IT U flato((7).)

(M,L,TF1:gotol’):1II
(if ATF (M, LT+ :I';B') : I’ such thaf” € I andIl’ C I1.)

Figure 10. Liveness Analysis for Dead Code Elimination

# simple_prog;

val it [(L 1, Const (V "x", 0)),(L 2, Const (V "y", 1)),
(L 3, Goto L 11),(L 11, Add2 (V "x", V "y" )),
(L 12, If (v "x", L 21)),(L 13, Goto Label 11),

(L 21, Ret V "x")] : prog

# INFER simple_prog;

val it = ([(Phi (L 11, V "x"), [Lt 11,Lt 11)]1,
LCL¢v "y, D), (V "x", D)],
([(V llyll, D),(V "X", Lt 1)]’
(LCv "y, Lt 2),(V "x", Lt 1],
(L¢v "y", Lt 2),(V "x", Phi (L 11, V "x"))],
(Lv "y, Lt 2),(V "x", Lt 11)],
(L¢v "y, Lt 2),(V "x", Lt 11)],
(Lv "y, Lt 2),(V "x", Lt 11)],

(L 1, Comst (V "x", 0))),

(L 2, Comst (V "y", 1)),

(L 3, Goto L 11)),

(L 11, Add2 (V "x", V "y"))),
(L 12, If (Vv "x", L 21))),

(L 13, Goto L 11)),

(L 21, Ret V "x"))1)

(SSAtype * SSAtype list) list * ((var * SSAtype) list * prog) list

Figure 11. A Simple Program and the Type Reconstruction

ous subsections. We implemented a functieadCodeElim which
replaces dead instructions with skip instructiobsadCodeElim
collects types of variables which are used in conditional jumps
and return instructions. If such a type is a label type, it indicates
that the instruction of the label is live, and theaadCodeElim
checks types of used variables in the instruction. Otherwise, if such
a type is a type variable, th@eadCodeElim checks its structure
and collects all types appearing in the structure. This process ex-
actly corresponds to the rule introduced in subsection 5.1. A use of
DeadCodeElim is shown in Figure. 12.

Although the prototype and the optimization are rather toy im-
plementations, we observe that our framework has the following
practical benefits.

¢ Various static information such as liveness and value informa-
tion of variables can be easily obtained from structure mapping
and label environment, as shown in the previous subsections.
Unlike in conventional SSA form, we do not need to solve fur-
ther data flow equations, such as available expression and reach
ing definition equations.

e We do not need to implement un-SSA transformation algo-
rithms. It would take some time to understand SSA transforma-
tion algorithms (type reconstruction algorithms in our frame-

work) and implement one of them. Because it will take simi-
lar costs for implementing un-SSA transformation algorithms
[5, 25], this seems to be considerable.

Currently, we are planning to implement our type system into an
optimizer of the SMI# compiler [28] being developed at Tohoku
University.

6. Related Work

A recent work by Menon et al [18] presented a type-based ap-
proach to verify memory safety of SSA programs, and discussed its
application to compiler optimization. Their type system, however,
requires that the SSA property of a program is checked separately
outside the typing framework. In contrast, the major contribution of
the present paper is to have developed a type theoretical framework
to represent the SSA property itself. To our knowledge, there does
not seem to exist any existing attempt to represent SSA property in
a static type system.

Our type system is a form of static verification system for a
low-level code language. In this general perspective, it is similar
to many recent proposals of type systems for low level languages
including [19, 20, 26]. See also [17] for a survey on related topic.



# example_program;

val it = [(L 1, Const (V "x", 3)),(L 2, Const (V "y", 4)),(L 3, If (V "x", L 8)),
(L 4, Add2 (v "x", VvV "y")),(L 5, If (v "y", L 10)),(L 6, Add1l (V "y", V "x", V "z")),
(L 7, Goto L 12),(L 8, Const (V "y", 6)),(L 9, Goto L 12),
(L 10, Add1l (Vv "z", V "x", V "y")),(L 11, Goto L 7),(L 12, Ret V "x")] : prog

# DeadCodeElim example_program;

val it = [(L 1, Comnst (V "x", 3)),(L 2, Const (V "y", 4)),(L 3, If (V "x", L 8)),
(L 4, Add2 (v "x", Var "y")),(L 5, If (V "y", L 10)),(L 6, Skip),
(L 7, Goto L 12),(L 8, Skip),(L 9, Goto L 12),
(L 10, Skip),(L 11, Goto L 7),(L 12, Ret V "x")] : prog

Figure 12. An Example of Dead Code Elimination

Since SSA from is widely used as an low-level intermediate repre- does not dominaté, : Ba, x is given the same type variable
sentation, it is an interesting future issue to consider the integration in both of them. Therefore the unrestricted type system does not

of our type theoretical representation of SSA property with those represent dominance relation. However, while label annotation is
static verification systems. A further investigation in this line of useful for some static analyses, the unrestricted type system might
work would be to combine static typing of low-level code with a work as well, because atomic types consist of labels. Note that we
logical verification system such as those proposed in [3, 15, 16].  only introduce one type variablg in the type derivation, while
Several papers [11, 2, 6] discussed correspondences betweelCytron et al’'s algorithms requires two differepitassignments in
SSA form and restricted form of functional languages (CPS and A- I3 : B3 andl4 : By. In this sense, it can be said that Cytron et al's
normal forms.) Since the logical interpretation [22, 23] on which SSA form is not the "minimal” one.
our type system is roughly based, is shown to be equivalent to the
type system of the lambda calculus, our SSA typing could be used
to extend these results to typed calculi. L1:x=... L2:X=...
7. Concluding Remarks \ /
We have developed a static type system that represents the essen-
tial properties of static single assignment (SSA) form without per- L3:
forming code transformation. In our type system, the SSA property B3
is represented in a typing derivation of an original program. We
have shown that derivable typings precisely correspond to SSA pro- \
grams. Furthermore, our type system is expressive enough to rep- La:
resent a practical SSA transformation algorithm. In our approach, )
a particular SSA transformation algorithm can be represented as a B4
type reconstruction process that satisfies some additional constraint
on allowable typing. We have constructed a type inference algo-
rithm that is equivalent to the SSA transformation based on “domi- Figure 13. A Typical Example
nance frontier.” We have also shown that typical optimizations can
be expressed as type-directed code transformations in our frame-
work.
This is our first step towards a type theoretical approach to SSA Acknowledgments ) )
form and SSA based compiler optimization. There are a number of We thank reviewers for their comments and suggestions that have
interesting issues remain to be investigated. Here we only mention Peen useful in improving the paper. The first author also thanks
two of them below. Hiroyuki Sato for his relevant comments on this work.

Representing other SSA algorithmsThere have been several References
variants of SSA transformation algorithnirunedSSA form pro-

posed in [7] avoids dead functions, and inserts only live func- [1] Bowen Alpern, Mark N. Wegman, and F. Kenneth Zadeck. Detecting
tions. In our type system, this strategy corresponds to choosing a  €quality of variables in programs. ROPL, pages 1-11, 1988.
minimum type contexI” with respect to the inclusion constraint [2] Andrew W. Appel. SSA is functional programmingCM SIGPLAN

(dom(T'1) C dom(T'2) in Definition 1) at each branching instruc- Notices 33(4):17—20, 1998.

tion. Actually the type derivation depicted in the left hand side of (3} Njck Benton. Simple relational correctness proofs for static analyses
Figure 5 is a such typing. In this way, we believe that our type and program transformations. ROPL, pages 14-25, 2004.

SyStem. can rec%rsezefm var|50us SSA transformation algorithms such [4] Gianfranco Bilardi and Keshav Pingali. Algorithms for computing
assemi-prune orm [5]. the static single assignment forth. ACM 50(3):375-425, 2003.
Generali_zing the typin_g rule_ We introduced label restrictions for [5] Preston Briggs, Keith D. Cooper, Timothy J. Harvey, and L. Taylor
the relations< and & in Definition 1. If labels are not annotated Simpson. Practical improvements to the construction and destruction
to type variables, our type system does not preserve dominance of static single assignment fornsoftware Practice and Experience
relation. For example, we consider the program in Figure 13. If 28(8):859-881, 1998.

label restrictions are not considered, a type derivation of the form  [] M. Chakravarty, P. Keller, and P. Zadarnowski. A functional

M {z : o} F I3 : BsandM,{z : ¢} + ls : By where perspective on SSA optimisation algorithms. Technical Report 0217,

M = {p — {l1,12}} is derivable. In Figure 13, althoudh : Bs University of New South Wales, 2003.



[7] Jong-Deok Choi, Ron Cytron, and Jeanne Ferrante. Automatic
construction of sparse data flow evaluation graphsP@PL, pages
55-66, 1991.

[8] Keith D. Cooper, L. Taylor Simpson, and Christopher A. Vick.
Operator strength reductioMOPLAS 23(5):603-625, 2001.

[9] Ron Cytron, Jeanne Ferrante, Barry K. Rosen, Mark N. Wegman, and
F. Kenneth Zadeck. Efficiently computing static single assignment
form and the control dependence grapfOPLAS 13(4):451-490,
1991.

[10] Dibyendu Das and U. Ramakrishna. A practical and fast iterative
algorithm for phi-function computation using dj graphEOPLAS
27(3):426-440, 2005.

[11] Richard A. Kelsey. A correspondence between continuation passing
style and static single assignment forlACM SIGPLAN Notices
30(3):13-22, 1995.

[12] Robert Kennedy, Sun Chan, Shin-Ming Liu, Raymond Lo, Peng
Tu, and Fred Chow. Partial redundancy elimination in SSA form.
TOPLAS 21(3):627-676, 1999.

[13] Jens Knoop, Oliver Ruthing, and Bernhard Steffen.
motion. InPLDI, pages 224-234, 1992.

[14] David Lacey, Neil Jones, Eric Van Wyk, and Carl Christian
Frederikson. Proving correctness of compiler optimizations by
temporal logic. Higher-Order and Symbolic Computatioh7(2),
2004.

[15] Sorin Lerner, Todd D. Millstein, and Craig Chambers. Automatically
proving the correctness of compiler optimizations.PlnDI, pages
220-231, 2003.

[16] Sorin Lerner, Todd D. Millstein, Erika Rice, and Craig Chambers.
Automated soundness proofs for dataflow analyses and transforma-
tions via local rules. IlPOPL, pages 364-377, 2005.

[17] Xavier Leroy. Java bytecode verification: Algorithms and formaliza-
tions. J. Autom. Reasonin@0(3-4):235-269, 2003.

[18] Vijay S. Menon, Neal Glew, Brian R. Murphy, Andrew McCreight,
Tatiana Shpeisman, Ali-Reza Adl-Tabatabai, and Leaf Petersen.
A verifiable ssa program representation for aggressive compiler
optimization. InPOPL, pages 397-408, 2006.

[19] Greg Morrisett, David Walker, Karl Crary, and Neal Glew. From
System F to typed assembly languageOPLAS 21(3):527-568,
1999.

[20] George Necula. Proof-carrying code ROPL, pages 106-119, 1997.

[21] Flemming Nielson, Hanne R. Nielson, and Chris Hanlninciples
of Program AnalysisSpringer-Verlag New York, Inc., Secaucus, NJ,
USA, 1999.

[22] Atsushi Ohori. The logical abstract machine: A curry-howard
isomorphism for machine code. IRuji International Sym-
posium on Functional and Logic Programmingages 300—
318, 1999. (An extended version is available under the title “A
Proof Theory for Machine Code” from the author's home page:
http://www.pllab.riec.tohoku.ac.jp/ ohoril.)

Lazy code

[23] Atsushi Ohori. Register allocation by proof transformatio®ci.
Comput. Program (also in ESOP’03p0(1-3):161-187, 2004.

[24] Barry K. Rosen, Mark N. Wegman, and F. Kenneth Zadeck. Global
value numbers and redundant computations?@PL, pages 12-27,
1988.

[25] Vugranam C. Sreedhar, Roy Dz-Ching Ju, David M. Gillies, and
Vatsa Santhanam. Translating out of static single assignment form.
In SAS pages 194-210, 1999.

[26] Raymie Stata and Martin Abadi. A type system for Java bytecode
subroutines. IPOPL, pages 149-160, 1998.

[27] Michael Weiss. The transitive closure of control dependence: The
iterated join.LOPLAS 1(2):178—190, 1992.

[28] The SML# Home page. http://www.pllab.riec.tohoku.ac.jp/smisharp/

A. Static Single Assignment(SSA) Form [9, 1, 24]
A.1 Definitions

In this subsection we follow [9] and state definitions needed for
SSA transformation.

Cytron et al [9] developed an efficient SSA transformation algo-
rithm which placess functions indominance frontiersf the pro-
gram.

DEFINITION 4 (Domination).If all paths incoming to a nodé
pass a nodeB;, then B, is said to dominateB2. We denote this
relation by B; > Bs (every node dominates itself.)

DEFINITION 5 (Strict domination).If a node B; dominatesB:
and B1 # Bz, B is said to strictly dominaté3,. We denote this
relation by B; > Bs.

DEFINITION 6 (Immediate dominator)lf a nodeB; strictly dom-
inatesB, and there is no other nodes that strictly dominakgsin
any paths fromB; to Bz, B is said to be the immediate dominator
of Bs.

Dominance relation can be expressed by deeninator tree in
which each edge corresponds to the immediate dominance relation.
The root of the tree is the entry nodeérry ). Dominance frontier
is defined as follows.

DEFINITION 7 (Dominance Frontier)The dominance frontieb F'( B)
of a CFG nodeB is the set of all CFG nodeB’ such thatB dom-
inates a predecessor @' but does not strictly dominatg’:

DF(B) = {B'|(3P € Pred(B'))(B > P A B % B')}.

A.2  Merge relation and dominance frontier [27, 4]
Dominance frontiers are obtained by computoig sets

DEFINITION 8 (Join sets]). Given a CFGG = (V, E) and a set
Z C V of its nodes such thantry € Z, J(Z) is the set of all nodes
v for which there are distinct nodes w € Z such that there is a

pair of pathsu & vandw 5 v, intersecting only ab.

Cytron et al defined the join set for a set of nodeass iterated sets
[9]. However, later Weiss discovered thatZ) = J(Z U J(Z))
[27]. Hence, thep-assignments in the node&Z) are sufficient:
DF*(Z) = J(Z). Furthermore, Bilardi and Pingari introduced
another relation for calculating) F: the merge relatiod/erge
that holds between nodas and w of the CFG whenever €
J({Entry ,w}); thatis,v is a¢-node for a variable assigned only at
w andEntry . The M erge relation is proved to satisfy the following
properties.

LIf{Entry} € T C V,thenJ(Z) = U,z Merge(w)
(v € Merge(w) if v e J({Entry,w}).)

2. v € Merge(w) if and only if there is a so-called/-path from
w tov in the CFG.

3. Merge is a transitive relation.

We state some results from [4].

THEOREM3. v € Merge(w) iff there is a pathw =5 v not
containingidom(v). Such a path is called ai path.

The notion of M -path is proved to be closely related to the notion
of dominance frontier.

PROPOSITIONL. There exists a primé/-path fromw to v iff
(w,v) € DF.

THEOREM4. Merge = DFT.



